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Abstrat
We investigate the problem of the existene of rst integrals for multidimensional and
ordinary linear dierential systems with onstant oefients. The spetral method of the
rst integrals basis onstrution for these systems of linear dierential equations is developed.
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1. R-dierentiable integrals of R-linear systems in total dierentials
1.1. R-linear homogeneous systems in total dierentials
We onsider the system of equations in total dierentials
dw = X1(w)dz +X2(w)d z , (1.1)
where w = olon(w1, . . . , wn) ∈ C
n, z = olon(z1, . . . , zm) ∈ C
m; dw = olon(dw1, . . . , dwn),
dz = olon(dz1, . . . , dzm), and d z = olon(d z1, . . . , d zm) are vetor olumns; zj is omplex
onjugate of zj ; the entries of the matries X1(w) = ‖Xτj(w)‖ and X2(w) = ‖Xτ,m+j(w)‖,
τ = 1, . . . , n, j = 1, . . . ,m are the R-linear funtions [1, p. 21℄
X
τk
: w →
n∑
ξ=1
(
a
τkξ
w
ξ
+ a
τk,n+ξ
w
ξ
)
for all w ∈ Cn, k = 1, . . . , 2m, θ = 1, . . . , n,
with onstant oeients a
τk̺
∈ C, ̺ = 1, . . . , 2n, k = 1, . . . , 2m, τ = 1, . . . , n. We assume
that the linear dierential operators
xj(w) =
n∑
ξ=1
(
Xξj(w)∂wξ +Xξ,m+j(w)∂wξ
)
for all w ∈ Cn, j = 1, . . . ,m, (1.2)
and
xm+j(w) =
n∑
ξ=1
(
Xξ,m+j(w)∂wξ +Xξj(w)∂wξ
)
for all w ∈ Cn, j = 1, . . . ,m, (1.3)
indued by this system are related by the Frobenius onditions [2; 3℄. These onditions are
represented via Poisson brakets as the system of identities[
xk(w), xl(w)
]
= O for all w ∈ Cn, k = 1, . . . , 2m, l = 1, . . . , 2m, (1.4)
i.e., system (1.1) is ompletely solvable [4; 5, pp. 15  25℄.
A general integral of the ompletely solvable system in total dierentials (1.1) is n fun-
tionally independent R-dierentiable rst integrals of (1.1). The ompletely solvable diffe-
rential system (1.1) has also n−m autonomous R-dierentiable rst integrals (see [6℄).
In this paper we study Darboux's problem of nding rst integrals in ase that partial
integrals are known [7℄. Using method of partial integrals [5; 8; 9℄, we obtain the spetral
method for building rst integrals of linear dierential systems [5, pp. 239  272; 10  17℄.
The problems related to those studied in the present paper were intensively investigated by
many people. For example, see for systems of ordinary dierential equations [7; 12; 16  54℄, for
partial dierential systems [5; 8; 10; 15; 55  59℄, for systems of equations in total dierentials
[2− 6; 8; 9; 11; 13; 14; 16; 32; 60 − 63], and this list is very far from being omplete.
1.1.1. R-linear partial integral. The R-linear funtion
p : w →
n∑
ξ=1
(
b
ξ
w
ξ
+ b
n+ξ
w
ξ
)
for all w ∈ Cn (b̺ ∈ C, ̺ = 1, . . . , 2n)
is a partial integral of the system in total dierentials (1.1) i
x
k
p(w) = p(w)λk for all w ∈ Cn, λk ∈ C, k = 1, . . . , 2m.
This system of identities is equivalent to the linear homogeneous system(
Ak − λ
kE
)
b = 0, k = 1, . . . , 2m, (1.5)
where Aj = ‖a1j . . . anj a1,m+j . . . an,m+j‖ and Am+j = ‖a1,m+j . . . an,m+ja1j . . . anj‖ are the
2
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2n×2n-matries with aτk=olon(aτk1, . . . , aτk,2n), aτk=olon(aτk,n+1, . . . , aτk,2n, aτk1, . . . , aτkn),
τ = 1, . . . , n, k = 1, . . . , 2m, j = 1, . . . ,m, E is the 2n × 2n identity matrix, and
b = olon(b1, . . . , b2n) is a vetor olumn.
The Frobenius onditions (1.4) for system (1.1) are equivalent [60, p. 73℄
AkAl = AlAk, k = 1, . . . , 2m, l = 1, . . . , 2m.
Then there exists a relation [64, pp. 193  194; 65℄ between eigenvetors and eigenvalues
of the matries Ak, k = 1, . . . , 2m.
Lemma 1.1. Let ν ∈ C2n be a ommon eigenvetor of the matries Ak, k = 1, . . . , 2m.
Then the R-linear funtion
p : w → νγ for all w ∈ Cn,
where γ = olon(w1, . . . , wn, w1, . . . , wn), is a partial integral of the system (1.1).
Proof. If ν is a ommon eigenvetor of the matries Ak, k = 1, . . . , 2m, then ν is a
solution to system (1.5), where λk is an eigenvalue of the matrix Ak orresponding to the
eigenvetor ν. We obtain xk(νγ) = λ
kνγ for all w ∈ Cn, k = 1, . . . , 2m. Therefore the
R-linear funtion p is a partial integral of the system in total dierential (1.1).
1.1.2. Autonomous R-dierentiable rst integrals
Theorem 1.1. Let νθ, θ = 1, . . . , 2m + 1 be ommon eigenvetors of the matries Ak,
k = 1, . . . , 2m. Then the system (1.1) has the R-dierentiable autonomous rst integral
F : w →
2m+1∏
θ=1
(
νθγ
)hθ
for all w ∈ Ω, Ω ⊂ D(F ), (1.6)
where h1, . . . , h2m+1 is a nontrivial solution to the system
2m+1∑
θ=1
λkθ hθ = 0, k = 1, . . . , 2m,
and λkθ are the eigenvalues of the matries Ak, k = 1, . . . , 2m, orresponding to the ommon
eigenvetors νθ, θ = 1, . . . , 2m+ 1.
Proof. Suppose νθ are ommon eigenvetors of the matries Ak orresponding to the
eigenvalues λkθ , k = 1, . . . , 2m, θ = 1, . . . , 2m+1, respetively. By lemma 1.1, it follows that
the R-linear funtions w → νθγ for all w ∈ Cn, θ = 1, . . . , 2m + 1 are partial integrals of
the system of equations in total dierentials (1.1). Hene,
x
k
νθγ = λkθ ν
θγ for all w ∈ Cn, k = 1, . . . , 2m, θ = 1, . . . , 2m+ 1. (1.7)
We form the funtion
F : w→
2m+1∏
θ=1
(
νθγ
)hθ
for all w ∈ Ω, Ω ⊂ Cn,
where Ω is a domain (open arwise onneted set) in Cn and hθ, θ = 1, . . . , 2m + 1 are
omplex numbers with
2m+1∑
θ=1
|hθ| 6= 0. The Lie derivative of F by virtue of (1.1) is equal to
x
k
F (w) =
2m+1∏
θ=1
(
νθγ
)hθ−1 2m+1∑
θ=1
hθ
2m+1∏
l=1,l 6=θ
(νlγ) x
k
νθγ for all w ∈ Ω, k = 1, . . . , 2m.
Using (1.7), we get
x
k
F (w) =
2m+1∑
θ=1
λkθhθ F (w) for all w ∈ Ω, k = 1, . . . , 2m.
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If
2m+1∑
θ=1
λkθhθ = 0, k = 1, . . . 2m, then the funtion (1.6) is an autonomous R-dierentiable
rst integral of the system in total dierentials (1.1).
Corollary 1.1. Let νθ be ommon eigenvetors of the matries Ak orresponding to the
eigenvalues λkθ , k = 1, . . . , 2m, θ = 1, . . . , 2m+1, respetively. Then the system of equations
in total dierentials (1.1) has the R-dierentiable autonomous rst integral
F12...2m(2m+1) : w →
2m∏
θ=1
(
νθγ
)−δθ(ν2m+1γ)δ for all w ∈ Ω, Ω ⊂ D(F12...2m(2m+1)),
where the determinants δθ, θ = 1, . . . , 2m are obtained by replaing the θ-th olumn of the
determinant δ =
∣∣λkθ ∣∣ by colon(λ12m+1, . . ., λ2m2m+1), respetively.
For example, the R-linear autonomous system of equations in total dierentials
dw1 = (2w1 − i(w2 + w1) + (1− i)w2)dz + (w1 + (2− i)(w2 + w1) + (1− i)w2)d z,
(1.8)
dw2 = − ((2 + i)(w1 + w2) + iw2)dz − (i(w1 + w2) + (i− 1)w2)d z
has the ommuting matries
A1 =
∥∥∥∥∥∥∥∥
2 −2− i 2 + i 0
−i −i 1 + i i
−i 0 1 i
1− i −2− i 2 + i 1 + i
∥∥∥∥∥∥∥∥ and A2 =
∥∥∥∥∥∥∥∥
1 −i i 0
2− i 1− i 1 + i −2 + i
2− i 0 2 −2 + i
1− i −i i i
∥∥∥∥∥∥∥∥ .
Therefore the system of equations in total dierentials (1.8) is ompletely solvable.
The matries A1 and A2 have the eigenvalues λ
1
1 = 1 + i, λ
1
2 = − i, λ
1
3 = 1, λ
1
4 = 2,
and λ21 = i, λ
2
2 = 1 − i, λ
2
3 = 2, λ
2
4 = 1 orresponding to the eigenvetors ν
1 = (0, 1, 1, 1),
ν2=(1, 1, 0, 1), ν3=(0, 1, 1, 0), ν4=(1, 0, 0, 1), respetively.
The solution to the linear homogeneous system{
(1 + i)h1 − ih2 + h3 = 0,
ih1 + (1− i)h2 + 2h3 = 0
⇐⇒
{
h1 = − (1 + i)h3,
h2 = − (2 + i)h3
is h1 = 1 + i, h2 = 2 + i, h3 = − 1.
The R-dierentiable funtion (by Theorem 1.1)
F : w →
(w2 + w1 + w2)
1+i(w1 +w2 + w2)
2+i
w2 + w1
for all w ∈ Ω, (1.9)
where a domain Ω ⊂ {w : w2 + w1 6= 0}, is an autonomous rst integral of the system (1.8).
The R-dierentiable rst integral (1.9) is an autonomous general integral of the ompletely
solvable system of equations in total dierentials (1.8).
From the entire set of ordinary dierential systems indued by the ompletely solvable
system of equations in total dierentials (1.1), we extrat system
dwτ = Xτζ(w) dzζ +Xτ,m+ζ(w) d zζ , τ = 1, . . . , n, ζ ∈ {1, . . . ,m} (1.1.ζ)
suh that the matrix Aζ has the smallest number of elementary divisors [64, p. 147℄.
Denition 1.1. Let ν0l be an eigenvetor of the matrix Aζ orresponding to the eigen-
value λζl with elementary divisor of multipliity sl. A non-zero vetor ν
ηl ∈ C2n is alled a
generalized eigenvetor of order η for λζl if and only if
(Aζ − λ
ζ
lE) ν
η = η · νη−1, η = 1, . . . , sl − 1, (1.10)
where E is the 2n× 2n identity matrix.
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Using Lemma 1.1 and (1.10), we obtain
xζ ν
0lγ = λζl ν
0lγ, xζ ν
ηlγ = λζl ν
ηlγ + η νη−1, lγ for all w ∈ Cn, η = 1, . . . , sl − 1. (1.11)
The following lemmas are needed for the sequel.
Lemma 1.2. Let ν 0l be a ommon eigenvetor of the matries Ak orresponding to
the eigenvalues λkl , k = 1, . . . , 2m, respetively. Let ν
ηl, η = 1, . . . , sl − 1 be generalized
eigenvetors of the matrix Aζ orresponding to the eigenvalue λ
ζ
l with elementary divisor of
multipliity sl (sl > 2). If the system (1.1.ζ) hasn't the rst integrals
F ζkηl : w→ xk Ψ
ζ
ηl(w) for all w ∈ Ω, k = 1, . . . , 2m, k 6= ζ, η = 1, . . . , sl − 1, (1.12)
then
xζ Ψ
ζ
ηl(w) =
[
1 for all w ∈ Ω, η = 1,
0 for all w ∈ Ω, η = 2, . . . , sl − 1,
(1.13)
xk Ψ
ζ
ηl(w) = µ
kζ
ηl = const for all w ∈ Ω, k = 1, . . . , 2m, k 6= ζ, η = 1, . . . , sl − 1,
where Ψζηl : Ω→ C, η = 1, . . . , sl − 1 is a solution to the system
ν ηlγ =
η∑
δ=1
(
η−1
δ−1
)
Ψζδl(w) · ν
η−δ,lγ, η = 1, . . . , sl − 1, Ω ⊂ {w : ν
0lγ 6= 0}. (1.14)
Proof. The system (1.14) has the determinant (ν0lγ)sl−1. Therefore there exists the
solution Ψζηl, η = 1, . . . , sl − 1 on a domain Ω ⊂ {w : ν
0lγ 6= 0} of the system (1.14).
The proof of the lemma is by indution on η.
For η = 1 and η = 2, the assertion (1.13) follows from (1.11).
Assume that (1.13) for η = 1, . . . , ε− 1 is true. Using (1.11) and (1.14), we get
xζ ν
εlγ = λζl
ε∑
δ=1
(
ε−1
δ−1
)
Ψζδl(w) ν
ε−δ, lγ + (ε− 1)
ε−1∑
δ=1
(
ε−2
δ−1
)
Ψζδl(w) ν
ε−δ−1, lγ +
+ νε−1, lγ + ν0lγ xζΨ
ζ
εl(w) for all w ∈ Ω.
Combining (1.14) for η = ε − 1 and η = ε, (1.11) for η = ε, and ν0lγ 6≡ 0 in Cn,
we obtain xζ Ψ
ζ
εl(w) = 0 for all w ∈ Ω. So by the priniple of mathematial indution, the
statement (1.13) is true for every η = 1, . . . , sl − 1 and ζ ∈ {1, . . . ,m}.
Taking into aount (1.4) and (1.12), we have the statement (1.13) is true for k 6= ζ.
Lemma 1.3 Under the onditions of Lemma 1.2, we have
xk ν
ηlγ =
η∑
δ=0
(
η
δ
)
µkζδl · ν
η−δ,lγ for all w ∈ Ω, k = 1, . . . , 2m, η = 1, . . . , sl − 1, (1.15)
where µkζ0l = λ
k
l , µ
kζ
ηl = xk Ψ
ζ
ηl(w), η = 1, . . . , sl − 1, k = 1, . . . , 2m.
Proof. The proof of Lemma 1.3 is by indution on η.
Let η = 1. Using (1.14), we get
ν 1lγ = Ψζ1l(w) · ν
0lγ for all w ∈ Ω, Ω ⊂ {w : ν0lγ 6= 0}. (1.16)
Then
xkν
1lγ = xkΨ
ζ
1l(w) · ν
0lγ +Ψζ1l(w) · xk ν
0lγ for all w ∈ Ω, k = 1, . . . , 2m.
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Taking into aount Lemma 1.1, Lemma 1.2 and (1.16),we obtain
xkν
1lγ = µkζ1l · ν
0lγ + µkζ0l Ψ
ζ
1l(w) · ν
0lγ = µkζ0l · ν
1lγ + µkζ1l · ν
0lγ, k = 1, . . . , 2m,
where µkζ0l = λ
k
l , xk Ψ
ζ
1l(w) = µ
kζ
1l , k = 1, . . . , 2m. So (1.15) for η = 1 is true.
Suppose that the assertion of the lemma is valid for η = 1, . . . , ε− 1. From (1.14), we get
xkν
εlγ =
ε∑
δ=1
(
ε−1
δ−1
)
xkΨ
ζ
δl(w) ν
ε−δ,lγ +
ε∑
δ=1
(
ε−1
δ−1
)
Ψζδl(w) xkν
ε−δ,lγ for all w ∈ Ω, k=1, . . . , 2m.
By the indution hypothesis, we have
xkν
εlγ =
ε∑
δ=1
(
ε−1
δ−1
)
µkζδl · ν
ε−δ,lγ +
ε∑
δ=1
(
ε−1
δ−1
)
Ψζδl(w) ·
ε−δ∑
κ=0
(
ε−δ
κ
)
µkζ
κl · ν
ε−δ−κ,lγ =
=
ε∑
δ=1
(
ε−1
δ−1
)
µkζδl · ν
ε−δ,lγ +
ε−1∑
α=0
(
ε−1
α
)
µkζαl ·
ε−α∑
β=1
(
ε−α−1
β−1
)
Ψζβl(w) · ν
(ε−α)−β,lγ =
=
ε∑
δ=1
(
ε−1
δ−1
)
µkζδl · ν
ε−δ,lγ +
ε−1∑
α=0
(
ε−1
α
)
µkζαl · ν
ε−α,lγ =
=
ε−1∑
δ=1
(
ε−1
δ−1
)
µkζδl · ν
ε−δ,lγ + µkζεl · ν
0lγ + µkζ0l · ν
εlγ +
ε−1∑
δ=1
(
ε−1
δ
)
µkζδl · ν
ε−δ,lγ =
= µkζ0l · ν
εlγ +
ε−1∑
δ=1
(
ε
δ
)
µkζδl · ν
ε−δ,lγ + µkζεl · ν
0lγ =
ε∑
δ=0
(
ε
δ
)
µkζδl · ν
ε−δ,lγ, k = 1, . . . , 2m.
Thus by the priniple of indution, the statement (1.15) is true for η = 1, . . . , sl − 1.
Theorem 1.2. Let the assumptions of Lemma 1.2 with l = 1, . . . r
( r∑
l=1
sl > m+1
)
hold.
Then the ompletely solvable system (1.1) has the autonomous rst integral
F : w→
α∏
ξ=1
(
ν0ξγ
)h0ξ exp εξ∑
q=1
hqξΨ
ζ
qξ(w) for all w ∈ Ω, Ω ⊂ D(F ), (1.17)
where
α∑
ξ=1
εξ = 2m−α+1, εξ 6 sξ−1, ξ = 1, . . . , α, α 6 r, and hqξ, q=0, . . . , εξ, ξ=1, . . . , α
is a nontrivial solution to the linear homogeneous algebrai system of equations
α∑
ξ=1
(
λkξ h0ξ +
εξ∑
q=1
µkζqξ hqξ
)
= 0, k = 1, . . . , 2m.
Proof. The Lie derivative of (1.17) by virtue of (1.1) is equal to
xk F (w) =
α∑
ξ=1
(
λkξh0ξ +
εξ∑
q=1
µkζqξhqξ
)
F (w) for all w ∈ Ω, k = 1, . . . , 2m.
If
α∑
ξ=1
(
λkξh0ξ +
εξ∑
q=1
µkζqξhqξ
)
= 0, k = 1, . . . , 2m, then the R-dierentiable funtion (1.17)
is an autonomous rst integral of the ompletely solvable system (1.1).
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As an example, the ompletely solvable R-linear system of equations in total dierentials
dw1 = ((1 + i)w1 + iw2 − w1 − w2)dz + (w1 + iw2 − w1 − w2)d z,
dw2 = (w2 + w1 + w2)dz + ((1− i)w2 + w1 + w2)d z,
dw3 = (− w1 + w2 + w3 − i w2)dz + (− w1 + w2 + (1− i)w3 − i w2)d z
(1.18)
has two eigenvalues: λ11=1+i with elementary divisor (λ
1−1−i)3 and λ12=1 with elementary
divisor (λ1−1)3. The λ11=1+ i orresponding to the eigenvetor ν
01=(1, 1, 0, 0, 0, 0) and to
the generalized eigenvetors ν11 =(0, 0, 0, 0, 1, 0), ν21 =(0, 1, 0, 0, 0, 1). The eigenvalue λ12 =1
orresponding to the ν02= (0, 0, 0, 1, 1, 0), ν12= (0, 1, 0, 0, 0, 0), ν22= (0, 0, 1, 0, 1, 0).
The salar funtions (see (1.14))
Ψ111 : w →
w2
w1 + w2
, Ψ121 : w→
(w1 +w2)(w2 + w3)− w
2
2
(w1 + w2)2
for all w ∈ Ω,
where Ω ⊂ {w : w1 + w2 6= 0} ⊂ C
3. The R-dierentiable rst integrals (by Theorem 1.2)
F1 : w → Ψ
1
21(w) for all w ∈ Ω (1.19)
and
F2 : w→
w1 + w2
w1 + w2
exp
(
i
w2
w1 + w2
)
for all w ∈ Ω (1.20)
are an autonomous general integral of the system of equations in total dierentials (1.18).
1.1.3. Nonautonomous R-dierentiable rst integrals
Theorem 1.3. Suppose ν is a ommon eigenvetor of the matries Ak orresponding to
the eigenvalues λk, k = 1, . . . , 2m, respetively. Then the R-dierentiable funtion
F : (z, w)→ (νγ) exp
(
−
m∑
j=1
(λjzj + λ
m+j zj)
)
for all (z, w) ∈ Cm+n
is a rst integral of the system of equations in total dierentials (1.1).
Proof. Using Lemma 1.1, we obtain XkF (z, w) = 0 for all (z, w) ∈ C
m+n, k = 1, . . . , 2m,
where the linear nonautonomous dierential operators
Xj(z, w) = ∂zj + xj(w), Xm+j(z, w) = ∂zj + xm+j(w) for all (z, w)∈C
m+n, j=1, . . . ,m.
Consider the system (1.8). Using the eigenvetor ν1 = (0, 1, 1, 1) orresponding to the
eigenvalues λ11 = 1 + i and λ
2
1 = i, we an build the rst integral (by Theorem 1.3)
F : (z, w)→ (w2 + w1 +w2) exp(− (1 + i)z − i z ) for all (z, w) ∈ C
3. (1.21)
The rst integrals (1.9) and (1.21) are a general integral of the system (1.8).
Theorem 1.4. Suppose the system (1.1) satises the onditions of Lemma 1.2. Then the
ompletely solvable system (1.1) has the R-dierentiable rst integrals
Fη : (z, w)→ Ψ
ζ
ηl(w) −
m∑
j=1
(
µjζηl zj + µ
m+j,ζ
ηl zj
)
for all (z, w) ∈ G, η = 1, . . . , sl − 1, (1.22)
where a domain G ⊂ Cm+n, the funtions Ψζηl are the solution to system (1.14), the numbers
µkζηl = xkΨ
ζ
ηl(w), η = 1, . . . , sl − 1, k = 1, . . . , 2m.
Proof. The Lie derivative of (1.22) by virtue of (1.1) is
XkFη(z, w) = − µ
kζ
ηl + xkΨ
ζ
ηl(w) for all (z, w) ∈ G, k = 1, . . . , 2m, η = 1, . . . , sl − 1.
Taking into aount Lemma 1.2, we get the funtions (1.22) are rst integrals of (1.1).
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For example, the system (1.18) has the numbers µ1111 = 1, µ
21
11 = 1, and the rst integral
F : (z, w)→
w2
w1 + w2
− z − z for all (z, w) ∈ C× Ω (by Theorem 1.4).
The R-dierentiable rst integrals (1.19), (1.20), and F are a general integral on a domain
C× Ω of the system (1.18), where a domain Ω ⊂ {w : w1 + w2 6= 0}.
1.2. R-linear nonhomogeneous systems in total dierentials
Let us onsider a nonhomogeneous system of equations in total dierentials
dw =
m∑
j=1
(
(Bj γ + fj(z)) dzj + (Bm+j γ + fm+j(z)) d zj
)
(1.23)
orresponding to the R-linear homogeneous system (1.1), where the matries B1, . . . , B2m
are transpose of A1, . . . , A2m, respetively, and the vetor funtions
fk : z → colon(fk1(z), . . . , fkn(z)) for all z ∈ V, k = 1, . . . , 2m
are ontinuously R-dierentiable on a domain V ⊂ Cm.
The Frobenius onditions for the total solvability of system of equations in total dieren-
tials (1.23) are the relations (1.4) and
∂zjf
ζ(z) +Bζf
j(z) = ∂zζf
j(z) +Bjf
ζ(z) for all z ∈ V, j, ζ = 1, . . . ,m,
∂zjf
m+ζ(z) +Bm+ζf
m+j(z) = ∂zζf
m+j(z) +Bm+jf
m+ζ(z) for all z ∈ V, j, ζ = 1, . . . ,m,
∂zjf
m+ζ(z) +Bm+ζf
j(z) = ∂zζf
j(z) +Bjf
m+ζ(z) for all z ∈ V, j, ζ = 1, . . . ,m,
where the vetor funtions
f j : z → colon(fj1(z), . . . , fjn(z), fm+j,1(z), . . . , fm+j,n(z)) for all z ∈ V, j = 1, . . . ,m,
fm+j : z → colon(fm+j,1(z), . . . , fm+j,n(z), f j1(z), . . . , f jn(z)) for all z ∈ V, j = 1, . . . ,m.
Theorem 1.5. Let the assumptions of Lemma 1.2 hold. Then the ompletely solvable
system of equations in total dierentials (1.23) has the rst integrals
Fη : (z, w)→ ν
ηlγ · ϕ(z) −
η∑
τ=1
Kητ−1(z) · Fτ−1(z, w) − Cη(z)
for all (z, w) ∈ V˜ × Ω, η = 0, . . . , sl − 1, Ω ⊂ {w : ν
0lγ 6= 0}, V˜ ⊂ V,
where the funtions
ϕ : z → exp
(
−
2m∑
k=1
µkζ0l uk
)
for all z ∈ V˜ , u = (z1, . . . , zm, z1, . . . , zm),
Kητ−1 : z →
∫ 2m∑
k=1
((
η
τ−1
)
µ kζη−τ+1,l+
η−τ∑
δ=1
(
η
δ
)
µkζδl ·K
η−δ
τ−1(z)
)
duk, τ = 1, . . . , η, η = 1, . . . , sl−1,
Cη : z →
∫ 2m∑
k=1
(
ν ηlfk(z) ·ϕ(z) +
η∑
τ=1
(
η
τ
)
µkζτl ·Cη−τ (z)
)
duk for all z ∈ V˜ , η = 0, . . . , sl − 1,
the numbers µkζ0l = λ
k
l , µ
kζ
ηl = xkΨ
ζ
ηl(w), η = 1, . . . , sl − 1, k = 1, . . . , 2m.
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2. First integrals of linear real systems in total dierentials
2.1. Linear real homogeneous systems in total dierentials
Consider an autonomous system of equations in total dierentials
dx = A(x) dt, (2.1)
where x = (x1, . . . , xn)∈ R
n, t = (t1, . . . , tm)∈ R
m, the entries of the matrix A(x)=‖a
ij
(x)‖
(with n rows and m olumns) are linear homogeneous funtions
a
ij
: x→
n∑
ξ=1
a
ijξ
x
ξ
for all x ∈ Rn (a
ijξ
∈ R, ξ = 1, . . . , n, j = 1, . . . ,m, i = 1, . . . , n),
and dx = olon(dx1, . . . , dxn) and dt = olon(dt1, . . . , dtm) are vetor olumns.
Assume that this system is ompletely solvable. The Frobenius ondition [5, p. 19℄ for the
total solvability of system (2.1) in terms of the Poisson brakets is given by the relations
[pj(x), pζ(x)] = 0 for all x ∈ R
n, j = 1, . . . ,m, ζ = 1, . . . ,m, (2.2)
where the linear autonomous dierential operators
pj(x) =
n∑
i=1
a
ij
(x)∂x
i
for all x ∈ Rn, j = 1, . . . ,m.
The Frobenius onditions (2.2) for system (2.1) are equivalent [60, p. 73℄:
AjAζ = AζAj , j = 1, . . . ,m, ζ = 1, . . . ,m,
where Aj =
∥∥a
ξji
∥∥, j = 1, . . . ,m are real n× n matries.
2.1.1. Partial integrals. The omplex-valued linear homogeneous funtion
p : x→
n∑
ξ=1
bξxξ for all x ∈ R
n (bξ ∈ C, ξ = 1, . . . , n)
is a partial integral of the system in total dierentials (2.1) i
pj p(x) = λ
j p(x) for all x ∈ Rn, λj ∈ C, j = 1, . . . ,m.
This system of identities is equivalent to the linear homogeneous system of equations(
Aj − λ
jE
)
b = 0, j=1, . . . ,m, where E is the n× n identity matrix, b=olon(b1, . . . , bn).
The proof of the following statement is similar to that of Lemma 1.1.
Lemma 2.1. Suppose ν ∈ Cn is a ommon eigenvetor of the matries Aj , j = 1, . . . ,m.
Then the linear funtion p : x→ νx for all x ∈ Rn is a partial integral of the system (2.1).
The following properties are needed for the sequel.
Property 2.1 ([11℄). Suppose ν =
∗
ν+ ν˜ i (
∗
ν = Re ν, ν˜ = Im ν) is a ommon eigenvetor
of the matries Aj orresponding to the eigenvalues λ
j =
∗
λj + λ˜j i (
∗
λj = Reλj , λ˜j = Imλj),
j = 1, . . . ,m, respetively. Then the real-valued funtion
P : x→ (
∗
νx)2 + (ν˜x)2 for all x ∈ Rn
is a partial integral of the system of equations in total dierentials (2.1) and
pjP (x) = 2
∗
λj P (x) for all x ∈ Rn, j = 1, . . . ,m.
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Property 2.2 ([11℄). Let ν =
∗
ν + ν˜ i be a ommon eigenvetor of the matries Aj or-
responding to the eigenvalues λj =
∗
λj + λ˜j i, j = 1, . . . ,m, respetively. Then
pj arctg
ν˜x
∗
νx
= λ˜j for all x ∈ X, j = 1, . . . ,m, X ⊂ {x :
∗
νx 6= 0}.
2.1.2. Autonomous rst integrals. The proof of the following assertions is similar to
those of Theorem 1.1 and Corollary 1.1.
Theorem 2.1. Suppose νk are real ommon eigenvetors of the matries Aj orrespon-
ding to the eigenvalues λjk, j = 1, . . . ,m, k = 1, . . . ,m+ 1, respetively. Then the system of
equations in total dierentials (2.1) has the autonomous rst integral
F : x→
m+1∏
k=1
∣∣νkx∣∣hk for all x ∈ X, X ⊂ D(F ),
where h1, . . . , hm+1 is a real nontrivial solution to the system
m+1∑
k=1
λjkhk = 0, j = 1, . . . ,m.
Corollary 2.1. Let νk be real ommon eigenvetors of the matries Aj orresponding to
the eigenvalues λjk, j = 1, . . . ,m, k = 1, . . . ,m + 1, respetively. Then an autonomous rst
integral of the system of equations in total dierentials (2.1) is the funtion
F12...m(m+1) : x→
m∏
k=1
∣∣νkx∣∣−△k ∣∣νm+1x∣∣△ for all x ∈ X, X ⊂ D(F12...m(m+1)),
where the determinants △k, k = 1, . . . ,m are obtained by replaing the k-th olumn of the
determinant △ =
∣∣λjk∣∣ by colon (λ1m+1, . . . , λmm+1) , respetively.
As an example, the linear autonomous system of equations in total dierentials
dx1 = − x1 dt2, dx2 = 2(x3 + x4) dt1 + x2 dt2,
dx3 = x2 dt1 + x4 dt2, dx4 = x2 dt1 + x3 dt2
(2.3)
has the ommuting matries
A1 =
∥∥∥∥∥∥∥∥
0 0 0 0
0 0 1 1
0 2 0 0
0 2 0 0
∥∥∥∥∥∥∥∥ and A2 =
∥∥∥∥∥∥∥∥
− 1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0
∥∥∥∥∥∥∥∥ .
Therefore the system of equations in total dierentials (2.3) is ompletely solvable.
The matries A1 and A2 have the eigenvalues λ
1
1=−2, λ
1
2 = λ
1
3 = 0, λ
1
4 = 2, and λ
2
1=1,
λ22 = λ
2
3 = −1, λ
2
4 = 1 orresponding to the eigenvetors ν
1 = (0,−1, 1, 1), ν2 = (1, 0, 0, 0),
ν3 = (0, 0, 1, − 1), ν4 = (0, 1, 1, 1), respetively.
The determinants
△ =
∣∣∣∣−2 01 −1
∣∣∣∣ = 2, △11 = ∣∣∣∣ 0 0−1 −1
∣∣∣∣ = 0, △21 = ∣∣∣∣−2 01 −1
∣∣∣∣ = 2,
△12 =
∣∣∣∣2 01 −1
∣∣∣∣ = − 2, △22 = ∣∣∣∣−2 21 1
∣∣∣∣ = − 4.
By Corollary 2.1 we have that the funtionally independent funtions
F
123
: x→
(x3 − x4)
2
x21
for all x ∈ X (2.4)
and
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F124 : x→ x
4
1 (x
2
2 − (x3 + x4)
2 )2 for all x ∈ R4 (2.5)
are rst integrals of the system (2.3), where a domain X ⊂ {x : x1 6= 0}.
Theorem 2.2. Let νk =
∗
ν k+ ν˜ k i (this set hasn't omplex onjugate vetors) be ommon
omplex eigenvetors of the matries Aj orresponding to the eigenvalues λ
j
k =
∗
λ
j
k + λ˜
j
k i
j = 1, . . . ,m, k = 1, . . . , s, s 6 (m+1)/2, respetively. Let νθ be ommon real eigenvetors
of Aj orresponding to the eigenvalues λ
j
θ, j = 1, . . . ,m, θ = s+1, . . . ,m+1− s. Then the
system of equations in total dierentials (2.1) has the autonomous rst integral
F : x→
s∏
k=1
(Pk(x))
∗
hk exp
(
− 2 h˜k ϕk(x)
)m+1−s∏
θ=s+1
∣∣νθx∣∣hθ for all x ∈ X, (2.6)
where a domain X ⊂ D(F ), the funtions
Pk : x→
(∗
ν kx
)2
+
(
ν˜ kx
)2
for all x ∈ Rn, ϕk : x→ arctg
ν˜ kx
∗
ν kx
for all x ∈ X, k = 1, . . . , s,
and
∗
hk, h˜k, k = 1, . . . , s, hθ, θ = s+ 1, . . . ,m+ 1− s is a real nontrivial solution to
2
s∑
k=1
( ∗
λ
j
k
∗
hk − λ˜
j
k h˜k
)
+
m+1−s∑
θ=s+1
λjθhθ = 0, j = 1, . . . ,m.
Proof. Taking into aount Property 2.1 and Lemma 2.1, we obtain
pj
(
(
∗
ν kx)2 + (ν˜ kx)2
)
= 2
∗
λ
j
k
(
(
∗
ν kx)2 + (ν˜ kx)2
)
, j = 1, . . . ,m, k = 1, . . . , s,
(2.7)
pj ν
θx = λjθ ν
θx for all x ∈ Rn, j = 1, . . . ,m, θ = s+ 1, . . . ,m+ 1− s.
The Lie derivative of (2.6) by virtue of (2.1) is equal to
pjF (x) =
( s∏
k=1
(
Pk(x)
)∗hk−1 exp(− 2 h˜k ϕk(x)) s∑
k=1
∗
hk
s∏
l=1,l 6=k
Pl(x) · pjPk(x) +
+
s∏
k=1
(
Pk(x)
)∗hk exp(− 2 h˜k ϕk(x)) s∑
k=1
pj
(
− 2 h˜k ϕk(x)
))m+1−s∏
θ=s+1
∣∣νθx∣∣hθ +
+
s∏
k=1
(
Pk(x)
)∗hk exp(− 2 h˜k ϕk(x)) m+1−s∏
θ=s+1
∣∣νθx∣∣hθ−1 ·
·
m+1−s∑
θ=s+1
sgn
(
νθx
)
hθ
m+1−s∏
l=s+1,l 6=θ
∣∣νlx∣∣ · pj(νθx) for all x ∈ X, j = 1, . . . ,m.
Using Property 2.2 and (2.7), we get
pjF (x) =
( s∑
k=1
2
(∗
λ
j
k
∗
hk − λ˜
j
k h˜k
)
+
m+1−s∑
θ=s+1
λjθhθ
)
F (x) for all x ∈ X, j = 1, . . . ,m.
If 2
s∑
k=1
(∗
λ
j
k
∗
hk − λ˜
j
k h˜k
)
+
m+1−s∑
θ=s+1
λjθhθ = 0, j = 1, . . . ,m, then the funtion (2.6) is an
autonomous rst integral of the system of equations in total dierentials (2.1).
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For example, the ompletely solvable linear system of total dierential equations
dx1 = x1 dt1 + x2 dt2, dx2 = x2 dt1 − x1 dt2, dx3 = x3 dt1 − x3 dt2 (2.8)
has the eigenvalues λ11 = λ
1
2 = λ
1
3 = 1, λ
2
1 = − i, λ
2
2 = i, λ
2
3 = − 1 orresponding to the
eigenvetors ν1 = (1, i, 0), ν2 = (1,−i, 0), ν3 = (0, 0, 1), respetively. Aording to Theo-
rem 2.2, we an onstrut the autonomous rst integral of the system (2.8):
F : x→
x21 + x
2
2
x23
exp
(
2 arctg
x2
x1
)
for all x ∈ X, X ⊂ {x : x1 6= 0, x3 6= 0}. (2.9)
Theorem 2.3. Suppose ντ =
∗
ν τ + ν˜ τ i, νs+τ =
∗
ν τ − ν˜ τ i, τ = 1, . . . , s, s 6 m/2, and
ν2s+1 =
∗
ν 2s+1 + ν˜ 2s+1 i are ommon omplex eigenvetors of the matries Aj orresponding
to the eigenvalues λjτ =
∗
λ
j
τ + λ˜
j
τ i, λ
j
s+τ =
∗
λ
j
τ − λ˜
j
τ i, τ = 1, . . . , s, λ
j
2s+1 =
∗
λ
j
2s+1 + λ˜
j
2s+1 i,
j = 1, . . . ,m, respetively. Let νθ be ommon real eigenvetors of Aj orresponding to the
eigenvalues λjθ, j = 1, . . . ,m, θ = 2s + 2, . . . ,m+ 1, respetively. Then the system of equa-
tions in total dierentials (2.1) has the autonomous rst integrals
F1 : x→
s∏
k=1
(
Pk(x)
)∗hk+∗hs+k exp(− 2 (h˜k − h˜s+k)ϕk(x))·
(2.10)
·
(
P2s+1(x)
)∗h2s+1 exp(− 2 h˜2s+1 ϕ2s+1(x)) m+1∏
θ=2s+2
(
νθx
)2 ∗hθ
for all x ∈ X
and
F2 : x→
s∏
k=1
(
Pk(x)
)ehk+ehs+k exp(2 (∗hk − ∗hs+k)ϕk(x))·
(2.11)
·
(
P2s+1(x)
)eh2s+1 exp(2 ∗h2s+1 ϕ2s+1(x)) m+1∏
θ=2s+2
(
νθx
)2ehθ
for all x ∈ X,
where a domain X ⊂ D(F1) ∩D(F2), the funtions
Pk : x→ (
∗
ν kx)2 + (ν˜ kx)2 for all x ∈ Rn, k = 1, . . . , s, 2s + 1,
ϕk : x→ arctg
ν˜ kx
∗
ν kx
for all x ∈ X, k = 1, . . . , s, 2s + 1,
and hk =
∗
hk+ h˜k i, k = 1, . . . ,m+1 is a nontrivial solution to
m+1∑
k=1
λjk hk = 0, j = 1, . . . ,m.
Proof. We form two omplex-valued funtions
∗
F : x→
2s∏
k=1
(
νkx
)hk(ν2s+1x)h2s+1 m+1∏
θ=2s+2
(
νθx
)hθ
for all x ∈ X
and
∗∗
F : x→
2s∏
k=1
(
νkx
)lk(ν2s+1x)l2s+1 m+1∏
θ=2s+2
(
νθx
)lθ
for all x ∈ X,
where a domain X ⊂ Rn and hk, lk, k = 1, . . . ,m+ 1 are omplex numbers.
Using Lemma 2.1, we get
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pj
∗
F (x) =
m+1∑
k=1
λjk hk
∗
F (x) for all x ∈ X, j = 1, . . . ,m,
pj
∗∗
F (x) =
( 2s∑
k=1
λjk lk + λ
j
2s+1 l2s+1 +
m+1∑
θ=2s+2
λjθ lθ
)
∗∗
F (x) for all x ∈ X, j = 1, . . . ,m.
Let hk=
∗
hk+ h˜k i, k=1, . . . ,m+1 be a nontrivial solution to
m+1∑
k=1
λjkhk = 0, j=1, . . . ,m.
Then lk =
∗
hs+k− h˜s+k i, ls+k =
∗
hk− h˜k i, k=1, . . . , s, l2s+1 =
∗
h2s+1− h˜2s+1 i, lθ =
∗
hθ− h˜θ i,
θ = 2s + 2, . . . ,m+ 1 is a solution to
2s∑
k=1
λjk lk + λ
j
2s+1 l2s+1 +
m+1∑
θ=2s+2
λjθ lθ = 0, j=1, . . . ,m
and the funtions
∗
F : X→ C,
∗∗
F : X→ C are rst integrals of the system (2.1).
Sine F1 =
∗
F
∗∗
F and F2 =
(∗∗
F/
∗
F
)i
, we see that the funtions (2.10) and (211) are
autonomous rst integrals of the system of equations in total dierentials (2.1).
In partiular, the ompletely solvable linear system of total dierential equations
dx1 = x1 dt1 + x3 dt2, dx2 = − x2 dt1 + x4 dt2,
(2.12)
dx3 = x3 dt1 − x1 dt2, dx4 = − x4 dt1 − x2 dt2
has the eigenvalues λ11 = λ
1
2 = − 1, λ
1
3 = λ
1
4 = 1, λ
2
1 = λ
2
3 = − i, λ
2
2 = λ
2
4 = i orresponding
to the linearly independent eigenvetors ν1 = (0, − i, 0, 1), ν2 = (0, i, 0, 1), ν3 = (− i, 0, 1, 0),
and ν4 = (i, 0, 1, 0), respetively. The funtions (by Theorem 2.3)
F1 : x→
x1x2 + x3x4
x1x4 − x2x3
for all x ∈ X, F2 : x→ (x
2
1 + x
2
3)(x
2
2 + x
2
4) for all x ∈ R
4 (2.13)
are rst integrals of the system (2.12), where a domain X ⊂ {x : x1x4 − x2x3 6= 0} ⊂ R
4.
From the entire set of ordinary dierential systems indued by the ompletely solvable
system of equations in total dierentials (2.1), we extrat system
dx = Aζ(x) dtζ , A
ζ(x) = olon(a1ζ(x), . . . , anζ(x)) for all x ∈ R
n, (2.1.ζ)
suh that the matrix Aζ has the smallest number of elementary divisors.
Denition 2.1. Let ν0l be an eigenvetor of the matrix Aζ orresponding to the eigen-
value λζl with elementary divisor of multipliity sl. A non-zero vetor ν
θl ∈ Cn is alled a
generalized eigenvetor of order θ for λζl if and only if
(Aζ − λ
ζ
lE) ν
θl = θ · νθ−1,l, θ = 1, . . . , sl − 1, (2.14)
where E is the n× n identity matrix.
Using Lemma 2.1 and (2.14), we obtain
pζ ν
0lx = λζl ν
0lx, pζ ν
θlx = λζl ν
θlx+ θ ν θ−1,lx for all x ∈ Rn, θ = 1, . . . , sl − 1. (2.15)
The following lemmas are needed for the sequel.
Lemma 2.2. Let ν 0l be a ommon eigenvetor of the matries Aj orresponding to
the eigenvalues λjl , j = 1, . . . ,m, respetively. Let ν
θl, θ = 1, . . . , sl − 1 be generalized
eigenvetors of the matrix Aζ orresponding to the eigenvalue λ
ζ
l with elementary divisor of
multipliity sl (sl > 2). If the system (2.1.ζ) hasn't the rst integrals
F ζjθl : x→ pj v
ζ
θl(x) for all x ∈ X, j = 1, . . . ,m, j 6= ζ, θ = 1, . . . , sl − 1, (2.16)
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then
pζ v
ζ
θl(x) =
[
1 for all x ∈ X, θ = 1,
0 for all x ∈ X θ = 2, . . . , sl − 1,
pj v
ζ
θl(x) = µ
jζ
θl = const for all x ∈ X, j = 1, . . . ,m, j 6= ζ, θ = 1, . . . , sl − 1,
where vζθl : X→ R, θ = 1, . . . , sl − 1 is a solution to the system
ν θlx =
θ∑
δ=1
(
θ−1
δ−1
)
vζδl(x) · ν
θ−δ,lx, θ = 1, . . . , sl − 1, X ⊂ {x : ν
0lx 6= 0}. (2.17)
Lemma 2.3 Under the onditions of Lemma 2.2, we have
pj ν
θlx =
θ∑
δ=0
(
θ
δ
)
µjζδl · ν
θ−δ,lx for all x ∈ X, j = 1, . . . ,m, θ = 1, . . . , sl − 1,
where µjζ0l = λ
j
l , µ
jζ
θl = pj v
ζ
θl(x), θ = 1, . . . , sl − 1, j = 1, . . . ,m.
Theorem 2.4. Let the assumptions of Lemma 2.2 with l = 1, . . . r
( r∑
l=1
sl > m+1
)
hold.
Then the ompletely solvable system (2.1) has the autonomous rst integral
F : x→
k∏
ξ=1
(
ν0ξx
)h0ξ exp εξ∑
q=1
hqξv
ζ
qξ(x) for all x ∈ X, X ⊂ D(F ),
where
k∑
ξ=1
εξ = m−k+1, εξ 6 sξ−1, ξ = 1, . . . , k, k 6 r, and hqξ, q = 0, . . . , εξ, ξ = 1, . . . , k
is a nontrivial solution to the linear homogeneous algebrai system of equations
k∑
ξ=1
(
λjξ h0ξ +
εξ∑
q=1
µjζqξ hqξ
)
= 0, j = 1, . . . ,m.
The ompletely solvable linear homogeneous system of total dierential equations
dx1 = x2 dt1 + (2x1 − x3) dt2,
dx2 = (2x2 − x3 − x4) dt1 + (− x1 + 2x2 + x4) dt2,
dx3 = (x1 − x4) dt1 + (− x1 + 3x3 + x4) dt2,
dx4 = (− x1 + 2x3 + 2x4) dt1 + (x2 − 3x3 + x4) dt2
(2.18)
has the eigenvalue λ11 = 1 with elementary divisor (λ
1−1)4 orresponding to the eigenvetor
ν0 = (−1, 1,−1, 0) and to the generalized eigenvetors ν1 = (1, 0,−1,−1), ν2 = (1,−1, 3, 0),
ν3 = (− 3, 0, 9, 9). The funtions (see (2.17))
v111 : x→
x1 − x3 − x4
− x1 + x2 − x3
for all x ∈ X,
v121 : x→
(− x1 + x2 − x3)(x1 − x2 + 3x3)− (x1 − x3 − x4)
2
(− x1 + x2 − x3)2
for all x ∈ X, (2.19)
v131 : x→
1
(− x1 + x2 − x3)3
(
(− 3x1 + 9x3 + 9x4)(− x1 + x2 − x3)
2−
− 3(− x1 + x2 − x3)(x1 − x3 − x4)(x1 − x2 + 3x3) + 2(x1 − x3 − x4)
3
)
for all x ∈ X,
where a domain X ⊂ {x : x1 − x2 + x3 6= 0}.
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Autonomous rst integrals of the system (2.18) are the funtions (by Theorem 2.4)
F1 : x→ v
1
21(x), F2 : x→ (− x1 + x2 − x3)
2 exp
(
− 2v111(x)− v
1
31(x)
)
for all x ∈ X.(2.20)
In the omplex ase, we shall have two logial possibilities:
1. Any funtion from the set V ={ν0ξx, vζqξ(x) : q=1, . . . , εξ , ξ=1, . . . , k,
k∑
ξ=1
εξ=m−k+1}
has the omplex onjugate funtion in the set V.
2. At least one funtion from the set V has not the omplex onjugate funtion in the V.
Case 1. The ompletely solvable system (2.1) has the autonomous rst integral
F : x→
k1∏
ξ=1
((∗
ν0ξx
)2
+
(
ν˜ 0ξx
)2 )∗h0ξ exp(− 2 h˜0ξ arctg ν˜ 0ξx∗
ν0ξx
+
+ 2
εξ∑
q=1
( ∗
hqξ
∗
v ζ
qξ(x)− h˜qξ v˜
ζ
qξ(x)
)) k2∏
θ=1
∣∣ν0θx∣∣h0θ exp εθ∑
q=1
hqθ v
ζ
qθ(x) for all x ∈ X, X ⊂ D(F ),
where
∗
hqξ, h˜qξ, q = 0, . . . , εξ, ξ = 1, . . . , k1, hqθ, q = 0, . . . , εθ, θ = 1, . . . , k2 is a real non-
trivial solution to the linear homogeneous algebrai system of equations
2
k1∑
ξ=1
((∗
λ
j
ξ
∗
h0ξ−λ˜
j
ξ h˜0ξ
)
+
εξ∑
q=1
(∗
µ jζ
qξ
∗
hqξ−µ˜
jζ
qξ h˜qξ
))
+
k2∑
θ=1
(
λjθ h0θ+
εθ∑
q=1
µjζqθ hqθ
)
=0, j = 1, . . . ,m.
Here ν0ξ =
∗
ν0ξ + ν˜ 0ξ i are omplex ommon eigenvetors of the matries Aj orrespond-
ing to the eigenvalues λjξ =
∗
λ
j
ξ + λ˜
j
ξ i, j = 1, . . . ,m, ξ = 1, . . . , k1, respetively; ν
0θ
are real
ommon eigenvetors of Aj orresponding to the eigenvalues λ
j
θ, j = 1, . . . ,m, θ = 1, . . . , k2,
respetively; the funtions v ζqξ=
∗
v ζ
qξ+v˜
ζ
qξ i, v
ζ
qθ is the solution to the system(2.17); the numbers
∗
µ jζ
qξ = pj Re v
ζ
qξ = pj
∗
v ζ
qξ, µ˜
jζ
qξ = pj Im v
ζ
qξ = pj v˜
ζ
qξ, q = 1, . . . , εξ , ξ = 1, . . . , k1,
µjζqθ = pj v
ζ
qθ, q = 1, . . . , εθ, θ = 1, . . . , k2, j = 1, . . . ,m;
the numbers εξ, εθ suh that 2
k1∑
ξ=1
εξ+
k2∑
θ=1
εθ = m−2k1−k2+1 with 2k1+k2 6 r, εξ 6 sξ−1,
ξ = 1, . . . , k1, εθ 6 sθ−1, θ = 1, . . . , k2, where k1 is a number of omplex ommon eigenve-
tors (this set hasn't omplex onjugate vetors) of the matries Aj and k2 is a number of
real ommon eigenvetors of the matries Aj , j = 1, . . . ,m.
For example, the ompletely solvable system of total dierential equations
dx1 = (3,−4, 4, 1, 0, 2)x dt1 + (0,−4, 2, 1,−1, 1)x dt2 − (3,−2, 4, 3, 0, 2)x dt3 ,
dx2 = − (1,−3, 3, 0, 2, 3)x dt1 + (1, 3, 0, 0, 1,−1)x dt2 + (2,−3, 3, 3,−1, 2)x dt3 , (2.21)
dx3 = − (3,−5, 5, 1, 2, 4)x dt1 − (0,−6, 2, 1,−2, 1)xdt2 + (3,−3, 5, 4, 0, 2)x dt3 ,
dx4 = (3,−6, 4, 4,−1, 5)x dt1 + (2,−6, 2, 3,−4, 2)x dt2 − (3,−2, 6, 4, 1, 1)x dt3 ,
dx5 = (5,−5, 8, 3, 3, 6)x dt1 + (1,−6, 3, 2,−2, 2)x dt2 − (3,−3, 6, 4, 1, 2)x dt3 ,
dx6 = −(2,−5, 4, 3,−1, 2)x dt1 − (2,−4, 3, 3,−2, 2)x dt2 + (2,−1, 4, 2, 1, 0)x dt3
has the eigenvalue λ11 = 1+ 2i with elementary divisor
(
λ1 − 1− 2i
)3
orresponding to the
eigenvetor ν0 = (1, 0, 1+i, 1, i, 1) and to the generalized eigenvetors ν1 = (1, 1+i, 0, 0, i, i),
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ν2 = (2 + 2i, 0, 2 + 2i, 0, 2i, 2i). The salar funtions of the vetor argument
∗
v 111 : x→
(
(x1 + x2)(x1 + x3 + x4 + x6) + (x3 + x5)(x2 + x5 + x6)
)
/P (x),
v˜ 111 : x→
(
(x1 + x3 + x4 + x6)(x2 + x5 + x6)− (x1 + x2)(x3 + x5)
)
/P (x),
∗
v 121 : x→
((
(x1 + x3 + x4 + x6)(x2 + x5 + x6)− (x1 + x2)(x3 + x5)
)2
+
+ 2P (x)
(
(x1 + x3)(x1 + x3 + x4 + x6) + (x3 + x5)(x1 + x3 + x5 + x6)
)
−
−
(
(x1 + x2)(x1 + x3 + x4 + x6) + (x3 + x5)(x2 + x5 + x6)
)2)
/P (x), (2.22)
v˜ 121 : x→ 2
(
P (x)
(
(x1 + x3 + x4 + x6)(x1 + x3 + x5 + x6)− (x1 + x3)(x3 + x5)
)
+
+
(
(x3 + x5)(x1 + x2)− (x1 + x3 + x4 + x6)(x2 + x5 + x6)
)
·
·
(
(x1 + x2)(x1 + x3 + x4 + x6) + (x3 + x5)(x2 + x5 + x6)
))
/P (x) for all x ∈ X,
where a domain X ⊂ {x : x1 + x3 + x4 + x6 6= 0}, the polynomial
P : x→ (x1 + x3 + x4 + x6)
2 + (x3 + x5)
2
for all x ∈ R6. (2.23)
Autonomous rst integrals of the system (2.21) are the funtions
F1 : x→ P (x) exp
(
− 4ϕ(x) + 6
∗
v 111(x) + 2 v˜
1
11(x)
)
for all x ∈ X, (2.24)
F2 : x→ P
2(x) exp
(
− 2ϕ(x) +
∗
v 121(x)− v˜
1
21(x)
)
for all x ∈ X, (2.25)
F3 : x→ 2 v˜
1
11(x)− 2
∗
v 121(x)− v˜
1
21(x) for all x ∈ X, (2.26)
where
ϕ : x→ arctg
x3 + x5
x1 + x3 + x4 + x6
for all x ∈ X. (2.27)
Case 2A. A ommon omplex eigenvetor of the matries Aj, j=1, . . . ,m hasn't the om-
plex onjugate vetor. First integrals of the ompletely solvable system (2.1) are the funtions
F1 : x→
k1∏
ξ=1
(
Pξ(x)
)∗h0ξ+∗h0,(k1+ξ) exp(− 2( h˜0ξ − h˜0,(k1+ξ))ϕξ(x) +
+ 2
εξ∑
q=1
(( ∗
hqξ +
∗
hq,(k1+ξ)
) ∗
v ζ
qξ(x) +
(
h˜q,(k1+ξ) − h˜qξ
)
v˜ ζqξ(x)
))(
P2k1+1(x)
)∗h0,(2k1+1) ·
· exp
(
− 2 h˜0,(2k1+1) ϕ2k1+1(x)
)
·
k2∏
θ=1
(
ν0θx
)2 ∗h0θ exp( 2 εθ∑
q=1
∗
hqθ v
ζ
qθ(x)
)
for all x ∈ X,
F2 : x→
k1∏
ξ=1
(
Pξ(x)
)eh0ξ+eh0,(k1+ξ) exp(2( ∗h0ξ − ∗h0,(k1+ξ))ϕξ(x) +
+ 2
εξ∑
q=1
((
h˜qξ + h˜q,(k1+ξ)
) ∗
v ζ
qξ(x) +
( ∗
hqξ −
∗
hq,(k1+ξ)
)
v˜ ζqξ(x)
))(
P2k1+1(x)
)eh0,(2k1+1) ·
· exp
(
2
∗
h0,(2k1+1) ϕ2k1+1(x)
)
·
k2∏
θ=1
(
ν0θx
)2eh0θ exp( 2 εθ∑
q=1
h˜qθ v
ζ
qθ(x)
)
for all x ∈ X,
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where a domain X ⊂ D(F1) ∩D(F2), the funtions
Pξ : x→ (
∗
ν 0ξx)2 + ( ν˜ 0ξx)2 for all x ∈ Rn, ξ = 1, . . . , k1, 2k1 + 1,
ϕξ : x→ arctg
ν˜ 0ξx
∗
ν 0ξx
for all x ∈ X, ξ = 1, . . . , k1, 2k1 + 1,
and hqξ =
∗
hqξ + h˜qξ i, hqθ =
∗
hqθ + h˜qθ i is a nontrivial solution to the system
2k1∑
ξ=1
(
λjξh0ξ +
εξ∑
q=1
µ jζqξ hqξ
)
+ λj2k1+1h0,(2k1+1) +
k2∑
θ=1
(
λjθh0θ +
εθ∑
q=1
µjζqθhqθ
)
= 0, j = 1, . . . ,m.
Here ν0ξ =
∗
ν 0ξ + ν˜ 0ξ i, ν0,(k1+ξ) = ν0ξ, ν0,(2k1+1) =
∗
ν 0,(2k1+1) + ν˜ 0,(2k1+1) i are omplex
eigenvetors of the matries Aj orresponding to the eigenvalues λ
j
ξ=
∗
λ
j
ξ+ λ˜
j
ξ i, λ
j
k1+ξ
= λjξ,
ξ = 1, . . . , k1, λ
j
2k1+1
=
∗
λ
j
2k1+1
+ λ˜j2k1+1 i, j = 1, . . . ,m, respetively; ν
0θ
are real ommon
eigenvetors of Aj orresponding to the eigenvalues λ
j
θ, j = 1, . . . ,m, θ = 1, . . . , k2, respe-
tively; the funtions v ζqξ =
∗
v ζ
qξ + v˜
ζ
qξ i, v
ζ
qθ is the solution to the system (2.17); the numbers
µjζqξ = pj v
ζ
qξ(x),
∗
µ jζ
qξ = Reµ
jζ
qξ, µ˜
jζ
qξ = Imµ
jζ
qξ, q = 1, . . . , εξ , ξ = 1, . . . , 2k1,
µjζqθ = pj v
ζ
qθ(x), q = 1, . . . , εθ, θ = 1, . . . , k2, j = 1, . . . ,m;
the numbers εξ , εθ suh that 2
k1∑
ξ=1
εξ+
k2∑
θ=1
εθ = m−2k1−k2 with 2k1+1+k2 6 r, εξ 6 sξ−1,
ξ = 1, . . . , k1, εθ 6 sθ − 1, θ = 1, . . . , k2, where k1 is a number of omplex ommon eigen-
vetors (this set hasn't omplex onjugate vetors) of the matries Aj and k2 is a number
of real ommon eigenvetors of the matries Aj , j = 1, . . . ,m.
As an example, the ompletely solvable system of equations in total dierentials
dx1=(1,−2, 2, 0, 1, 1)xdt1+(0, 2, 0, 0, 1, 1)xdt2+(3, 0, 0, 0,−1,−1)xdt3+(1,−2, 4, 0, 2, 2)xdt4 ,
dx2=(0, 2,−2, 0,−2,−2)xdt1−(1, 3, 0, 0, 1, 1)xdt2+(−1, 2, 0, 0, 1, 1)xdt3−(2, 1, 4, 0, 4, 4)xdt4 ,
dx3 = (0, 3,−2, 0,−2,−2)x dt1 − (1, 3, 1, 0, 2, 2)x dt2 +
+ (−2,−1, 2, 0, 1, 1)x dt3 − (3,−2, 7, 0, 5, 5)x dt4 , (2.28)
dx4=x
(
(0,−4, 0, 2,−2, 2)dt1+(2, 2, 0, 1, 0, 4)dt2 +(1, 2,−2, 1,−1,−1)dt3 +(3,−4, 10, 2, 7, 7)dt4
)
,
dx5=(2,−3, 4, 2, 2, 4)xdt1+(3, 3, 2, 2, 1, 4)xdt2+(2, 1,−1, 0, 0,−1)xdt3+(3,−2, 9, 0, 7, 5)xdt4 ,
dx6=x
(
−(1,−3, 2, 2,−1, 1)dt1− (2, 1, 2, 2, 1, 4)dt2+ (−1,−1, 1, 0, 1, 2)dt3− (−1,−4, 5, 0, 4, 2)dt4
)
has the eigenvalue λ11 = 1+i with elementary divisor (λ
1−1−i)2 orresponding to the eigen-
vetor ν01 = (1, 1 + i, 0, 0, i, i) and to the generalized eigenvetor ν11 = (1+ i, 0, 1 + i, 0, i, i)
and the simple eigenvalue λ12 = 2i with ommon eigenvetor ν
02 = (1, 0, 1 + i, 1, i, 1).
The real-valued salar funtions
∗
v 111 : x→
(x1 + x2)(x1 + x3) + (x2 + x5 + x6)(x1 + x3 + x5 + x6)
P1(x)
for all x ∈ X,
(2.29)
v˜ 111 : x→
(x1 + x2)(x1 + x3 + x5 + x6)− (x1 + x3)(x2 + x5 + x6)
P1(x)
for all x ∈ X,
where P1 : x→ (x1 + x2)
2 + (x2 + x5 + x6)
2
for all x ∈ R6.
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The autonomous general integral of the system (2.28) is the funtions
F1 : x→ P1(x)
(
P2(x)
)2
exp
(
− 10ϕ1(x) + 8
∗
v 111(x) + 6 v˜
1
11(x)
)
for all x ∈ X (2.30)
and
F2 : x→
(
P1(x)
)3
exp
(
− 10ϕ1(x)− 4ϕ2(x) + 12
∗
v 111(x) + 14 v˜
1
11(x)
)
for all x ∈ X, (2.31)
where a domain X ⊂ {x : x1 + x2 6= 0, x1 + x3 + x4 + x6 6= 0}, the salar funtions
P2 : x→ (x1 + x3 + x4 + x6)
2 + (x3 + x5)
2
for all x ∈ R6,
ϕ1 : x→ arctg
x2 + x5 + x6
x1 + x2
, ϕ2 : x→ arctg
x3 + x5
x1 + x3 + x4 + x6
for all x ∈ X.
Case 2B. A funtion v ζlγ , γ∈{1, . . . , k1}, l∈{1, . . . , εγ} hasn't the omplex onjugate fun-
tion. Autonomous rst integrals of the ompletely solvable system (2.1) are the funtions
F1 : x→
k1∏
ξ=1
(
Pξ(x)
)∗h0ξ+∗h0,(k1+ξ) exp(− 2( h˜0ξ − h˜0,(k1+ξ))ϕξ(x) +
+ 2
εξ∑
q=1
(1− δqlδξγ)
(( ∗
hqξ +
∗
hq,(k1+ξ)
) ∗
v ζ
qξ(x) +
(
h˜q,(k1+ξ) − h˜qξ
)
v˜ ζqξ(x)
)
+
+ 2
( ∗
hlγ
∗
v ζ
lγ(x)− h˜lγ v˜
ζ
lγ(x)
)) k2∏
θ=1
(
ν0θx
)2 ∗h0θ exp(2 εθ∑
q=1
∗
hqθ v
ζ
qθ(x)
)
for all x ∈ X,
and
F2 : x→
k1∏
ξ=1
(
Pξ(x)
)eh0ξ+eh0,(k1+ξ) exp(2( ∗h0ξ − ∗h0,(k1+ξ))ϕξ(x) +
+ 2
εξ∑
q=1
(1− δqlδξγ)
((
h˜qξ + h˜q,(k1+ξ)
) ∗
v ζ
qξ(x) +
( ∗
hqξ −
∗
hq,(k1+ξ)
)
v˜ ζqξ(x)
)
+
+ 2
( ∗
hlγ v˜
ζ
lγ(x) + h˜lγ
∗
v ζ
lγ(x)
)) k2∏
θ=1
(
ν0θx
)2eh0θ exp(2 εθ∑
q=1
h˜qθ v
ζ
qθ(x)
)
for all x ∈ X,
where a domain X ⊂ D(F1) ∩D(F2), δ is the Kroneker delta, the funtions
Pξ : x→ (
∗
ν 0ξx)2 + ( ν˜ 0ξx)2 for all x ∈ Rn, ϕξ : x→ arctg
ν˜ 0ξx
∗
ν 0ξx
for all x∈X, ξ=1, . . . , k1,
and hqξ =
∗
hqξ + h˜qξ i, hqθ =
∗
hqθ + h˜qθ i is a nontrivial solution to the linear system
2k1∑
ξ=1
(
λjξ h0ξ +
εξ∑
q=1
µjζqξ hqξ
)
− µjζ
l,(k1+γ)
hl,(k1+γ) +
k2∑
θ=1
(
λjθ h0θ +
εθ∑
q=1
µjζqθ hqθ
)
= 0, j = 1, . . . ,m.
Here ν0ξ =
∗
ν 0ξ + ν˜ 0ξ i, ν0,(k1+ξ) = ν0ξ are omplex ommon eigenvetors of the matries
Aj orresponding to the eigenvalues λ
j
ξ =
∗
λ
j
ξ + λ˜
j
ξ i, λ
j
k1+ξ
= λjξ, j = 1, . . . ,m, ξ = 1, . . . , k1,
respetively; ν0θ are real ommon eigenvetors of the matries Aj orresponding to the
eigenvalues λjθ, j = 1, . . . ,m, θ = 1, . . . , k2, respetively; the funtions v
ζ
qξ =
∗
v ζ
qξ + v˜
ζ
qξ i, v
ζ
qθ
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is the solution to the system (2.17); the numbers
µjζqξ = pj v
ζ
qξ(x),
∗
µ jζ
qξ = Reµ
jζ
qξ, µ˜
jζ
qξ = Imµ
jζ
qξ, q = 1, . . . , εξ , ξ = 1, . . . , 2k1,
µjζqθ = pj v
ζ
qθ(x), q = 1, . . . , εθ, θ = 1, . . . , k2, j = 1, . . . ,m;
the numbers εξ , εθ suh that 2
k1∑
ξ=1
εξ+
k2∑
θ=1
εθ = m−2k1−k2+2 with 2k1+k2 6 r, εξ 6 sξ−1,
ξ = 1, . . . , k1, εθ 6 sθ − 1, θ = 1, . . . , k2, where k1 is a number of omplex ommon eigen-
vetors (this set hasn't omplex onjugate vetors) of the matries Aj and k2 is a number
of real ommon eigenvetors of the matries Aj , j = 1, . . . ,m.
In partiular, the ompletely solvable system of total dierential equations
dx1 = (3, − 4, 4, 1, 0, 2)x dt1 + (0, − 4, 2, 1, − 1, 1)x dt2,
dx2 = (− 1, 3, − 3, 0, − 2, − 3)x dt1 + (1, 3, 0, 0, 1, − 1)x dt2,
dx3 = (− 3, 5, − 5, − 1, − 2, − 4)x dt1 + (0, 6, − 2, − 1, 2, − 1)x dt2, (2.32)
dx4 = (3, − 6, 4, 4, − 1, 5, )x dt1 + (2, − 6, 2, 3, − 4, 2)x dt2,
dx5 = (5, − 5, 8, 3, 3, 6)x dt1 + (1, − 6, 3, 2, − 2, 2)x dt2,
dx6 = (− 2, 5, − 4, − 3, 1, − 2)x dt1 + (− 2, 4, − 3, − 3, 2, − 2)x dt2
has the eigenvalue λ11 =1 + 2i with elementary divisor (λ
1− 1 − 2i)3 orresponding to the
eigenvetor ν01=(1, 0, 1+i, 1, i, 1) and to the generalized eigenvetors ν11=(1, 1+i, 0, 0, i, i),
ν21=(2+2i, 0, 2+2i, 0, 2i, 2i). Autonomous rst integrals of the system (2.32) are the funtions
F1 : x→ P (x) exp
(
− ϕ(x)− v˜ 111(x)
)
for all x ∈ X, (2.33)
F2 : x→ P (x) exp
(
− 2ϕ(x) + 2
∗
v 111(x)
)
for all x ∈ X, (2.34)
F3 : x→ P
2(x) exp
(
− 2ϕ(x) − v˜ 121(x)
)
for all x ∈ X, (2.35)
and
F4 : x→
∗
v 121(x) for all x ∈ X, X ⊂ {x : x1 + x3 + x4 + x6 6= 0}, (2.36)
where the funtions v˜ 111,
∗
v 111, v˜
1
21,
∗
v 121, P, and ϕ are given by (2.22), (2.23), and (2.27).
Remark 2.1 Consider the ompletely solvable system of equations in total dierentials
dx1 = (2x1 + x3) dt1 + (2x1 + 3x2 + 3x3) dt2, dx2 = (x1 + x2 + x3) dt1 + 2x2 dt2,
(2.37)
dx3 = − x1 dt1 − (3x2 + x3) dt2, dx4 = x4 dt1 + (x2 + x3 − x4) dt2.
The matries A1 and A2 of (2.37) have the elementary divisors (λ
1−1)2, λ1−1, λ1−1,
and λ2− 2, λ2− 2, (λ2 +1)2, respetively. Using the ommon eigenvetor ν01 = (1, 0, 1, 0),
generalized eigenvetor ν11 = (0, 1, 0, 0) of A1 and the ommon eigenvetor ν
03 = (0, 1, 1, 0),
generalized eigenvetor ν13 = (0, 0, 0, 1) of the matrix A2, we an build the funtions
v111 : x→
x2
x1 + x3
, v213 : x→
x4
x2 + x3
for all x ∈ X, X ⊂ {x : x1 + x3 6= 0, x2 + x3 6= 0}.
The system (2.37) has the autonomous rst integrals on a domain X :
F1 : (t, x)→ (x1 + x3)(x2 + x3)
2 exp(− 3v111(x)), F2 : (t, x)→
x2 + x3
x1 + x3
exp(3v213(x)).
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2.1.3. Nonautonomous rst integrals.
Theorem 2.5. Suppose ν is a real ommon eigenvetor of the matries Aj orrespon-
ding to the eigenvalues λj, j = 1, . . . ,m, respetively. Then the salar funtion
F : (t, x)→ (νx) exp
(
−
m∑
j=1
λj tj
)
for all (t, x) ∈ Rn+m
is a rst integral of the linear system of equations in total dierentials (2.1).
Consider the system (2.3). Using the eigenvalues λ11 = − 2, λ
2
1 = 1 orresponding to the
ommon eigenvetor ν1 = (0,−1, 1, 1) and the eigenvalues λ12 = 0, λ
2
2 = − 1 orresponding
to the eigenvetor ν2 = (1, 0, 0, 0), we an build the rst integrals of the system (2.3):
F1 : (t, x)→ (− x2 + x3 + x4) exp(2t1 − t2), F2 : (t, x)→ x1 exp t2 for all (t, x) ∈ R
6.
The funtions F1, F2, (2.4), and (2.5) are the general integral of the system (2.3).
Corollary 2.2. Let ν =
∗
ν + ν˜ i (
∗
ν = Re ν, ν˜ = Im ν) be a ommon omplex eigenvetor
of the matries Aj orresponding to the eigenvalues λ
j =
∗
λj + λ˜j i (
∗
λj = Reλj , λ˜j = Imλj),
j = 1, . . . ,m, respetively. Then the system (2.1) has the rst integrals
F1 : (t, x)→
(
(
∗
νx)2 + (ν˜x)2
)
exp
(
− 2
m∑
j=1
∗
λ
j tj
)
for all (t, x) ∈ Rn+m
and
F2 : (t, x)→ arctg
ν˜x
∗
ν x
−
m∑
j=1
λ˜j tj for all (t, x) ∈ D, D ⊂ R
n+m.
For example, the ompletely solvable system (2.8) has the eigenvetor ν1 = (1, i, 0) orres-
ponding to the eigenvalues λ11 = 1, λ
2
1 = − i and the rst integrals (by Corollary 2.2)
F1 : (t, x)→ (x
2
1 + x
2
2) exp(− 2t1) for all (t, x) ∈ R
5,
F2 : (t, x)→ arctg
x2
x1
+ t2 for all (t, x) ∈ R
2 × X, X ⊂ {x : x1 6= 0, x3 6= 0}.
The funtionally independent rst integrals (2.9), F1, and F2 are the general integral on
a domain R
2 × X for the system of equations in total dierentials (2.8).
The ompletely solvable system (2.12) has the eigenvetor ν1=(0,−i, 0, 1) orresponding
to the eigenvalues λ11 = − 1 and λ
2
1 = − i. The rst integrals (2.13) and (by Corollary 2.2)
F1 : (t, x)→ (x
2
2 + x
2
4) exp(2t1) for all (t, x) ∈ R
6,
F2 : (t, x)→ arctg
x2
x4
− t2 for all (t, x) ∈ R
2 × X, X ⊂ {x : x1x4 − x2x3 6= 0, x4 6= 0},
are the general integral on a domain R
2 × X of the linear system (2.12).
Theorem 2.6. Let ν 0 be a real ommon eigenvetor of the matries Aj orresponding
to the eigenvalues λj , j = 1, . . . ,m, respetively. Let ν θ, θ = 1, . . . , s−1 be real generalized
eigenvetors of the matrix Aζ orresponding to the eigenvalue λ
ζ
with elementary divisor of
multipliity s > 2. Then the ompletely solvable system (2.1) has the rst integrals
Fq : (t, x)→ v
ζ
q (x) −
m∑
j=1
µjζq tj for all (t, x) ∈ R
m × X, q = 1, . . . , s− 1,
where the set of funtions vζq : X → R is the solution to the system (2.17), the numbers
µjζq = pj v
ζ
q (x), q = 1, . . . , s− 1, j = 1, . . . ,m, and a domain X ⊂ {x : ν0x 6= 0}.
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The ompletely solvable system (2.18) has µ111 = 1, µ
11
3 = 0, µ
21
1 = − 1, µ
21
3 = 6, and
the rst integrals (by Theorem 2.6)
F1 : (t, x)→ v
1
11(x)− t1 + t2 for all (t, x) ∈ R
2 × X,
F2 : (t, x)→ v
1
31(x)− 6t2 for all (t, x) ∈ R
2 × X, X ⊂ {x : x1 − x2 + x3 6= 0},
where the funtions v111, v
1
31 are given by (2.19). The funtionally independent rst integrals
(2.20), F1, and F2 are the general integral on a domain R
2 × X of the system (2.18).
Corollary 2.3. Let ν 0 be a ommon eigenvetor of the matries Aj orresponding to
the eigenvalues λj , j = 1, . . . ,m. Suppose ν θ, θ = 1, . . . , s− 1 are generalized eigenvetors
of Aζ orresponding to the omplex eigenvalue λ
ζ (Imλζ 6= 0) with elementary divisor of
multipliity s > 2. Then the ompletely solvable system (2.1) has the rst integrals
F1q : (t, x)→
∗
vζq(x)−
m∑
j=1
∗
µjζ
q tj for all (t, x) ∈ R
m × X, q = 1, . . . , s− 1,
and
F2q : (t, x)→ v˜
ζ
q (x)−
m∑
j=1
µ˜ jζq tj for all (t, x) ∈ R
m × X, q = 1, . . . , s− 1, X ⊂ Rn,
where the set of funtions vζq : x→
∗
v ζq (x)+ v˜
ζ
q (x) i for all x ∈ X is the solution to the system
(2.17), the numbers
∗
µ jζq = pj
∗
v ζq (x), µ˜
jζ
q = pj v˜
ζ
q (x), j = 1, . . . ,m, q = 1, . . . , s− 1.
The ompletely solvable system (2.21) has the rst integrals (by Corollary 2.3)
F11 : (t, x)→
∗
v 111(x)− t1 − t2, F21 : (t, x)→ v˜
1
11(x) + t2 − t3 for all (t, x) ∈ R
3 × X,
and
F12 : (t, x)→
∗
v 121(x)− 2t3 for all (t, x) ∈ R
3 × X, X ⊂ {x : x1 + x3 + x4 + x6 6= 0},
where
∗
v 111, v˜
1
11, and
∗
v 121 are given by (2.22). The general integral for the linear system (2.21)
is the funtionally independent rst integrals (2.24), (2.25), (2.26), F11, F21, and F12.
For example, the system (2.28) has the eigenvetor ν01 = (1, 1+ i, 0, 0, i, i) orresponding
to the eigenvalues λ11 = 1 + i, λ
2
1 = − 1, λ
3
1 = 2, λ
4
1 = −1 + 2i and the rst integrals
F1 : (t, x)→
(
(x1 + x2)
2 +(x2 + x5 + x6)
2
)
exp(− 2t1 +2t2− 4t3 +2t4) (by Corollary 2.2),
F2 : (t, x)→ arctg
x2 + x5 + x6
x1 + x2
− t1 − 2t4 for all (t, x) ∈ R
4 × X,
where X ⊂ {x : x1 + x2 6= 0, x1 + x3 + x4 + x6 6= 0} ⊂ R
6. Using Corollary 2.3, we get
F3 : (t, x)→
∗
v 111(x)− t1 + t3 − t4 for all (t, x) ∈ R
4 × X
and
F4 : (t, x)→ v˜
1
11(x)− t2 − t4 for all (t, x) ∈ R
4 × X,
where
∗
v 111 and v˜
1
11 are given by (2.29). The rst integrals (2.30), (2.31), F1, . . . , F4 are the
general integral on a domain R
4 × X for the ompletely solvable linear system (2.28).
Consider the ompletely solvable linear system of equations in total dierentials (2.32).
Aording to Corollary 2.3, we an onstrut the rst integrals
F11 : (t, x)→
∗
v 111(x)− t1 − t2, F21 : (t, x)→ v˜
1
11(x) + t2 for all (t, x) ∈ R
2 × X,
where the funtions
∗
v 111 and v˜
1
11 are given by (2.22), a domain X ⊂ {x : x1+x3+x4+x6 6= 0}.
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The funtionally independent rst integrals (2.33), (2.34), (2.35), (2.36), F11, and F21
are the general integral on a domain R
2 × X for the ompletely solvable system (2.32).
Remark 2.2. The system of equations in total dierentials
dx1 = − (x1 + x2 + 3x3) dt1 − 3(x1 + 2x3) dt2, (2.38)
dx2 = x2 dt1 − 2x2 dt2, dx3 = (x2 + 2x3) dt1 + 3x3 dt2
is not ompletely solvable (this system has the defet [5, p. 54℄ of order 1):
[p1(x), p2(x)] = [− (x1 + x2 + 3x3) ∂x1 + x2 ∂x2 + (x2 + 2x3) ∂x3 ,
− 3(x1 + 2x3) ∂x1 − 2x2 ∂x2 + 3x3 ∂x3 ] = − 5x2∂x1 + 5x2∂x3 ≡ p3(x) for all x ∈ R
3,
[p1(x), p3(x)] = − p3(x), [p2(x), p3(x)] = − 5 p3(x) for all x ∈ R
3.
The system (2.38) has two ommon eigenvetors ν1 = (1, 0, 1) and ν2 = (0, 1, 0) orres-
ponding to the eigenvalues λ11= − 1, λ
2
1 = − 3, and λ
1
2 = 1, λ
2
2 = − 2. The rst integrals
F1 : (t, x)→ (x1 + x3) exp(t1 + 3t2), F2 : (t, x)→ x2 exp(2t2 − t1) for all (t, x) ∈ R
5
are a general integral of the linear system of equations in total dierentials (2.38).
2.2. Linear real nonhomogeneous systems in total dierentials
Consider now a nonhomogeneous system of equations in total dierentials
dx =
m∑
j=1
(Bj x+ fj(t)) dtj (2.39)
orresponding to the linear homogeneous system (2.1), where the matries B1, . . . , Bm are
transpose of A1, . . . , Am, respetively, and the vetor funtions
fj : t→ colon(fj1(t), . . . , fjn(t)) for all t ∈ T , j = 1, . . . ,m
are ontinuously dierentiable on a domain T ⊂ Rm.
The Frobenius onditions for the total solvability [4, p. 44℄ of system (2.39) are (2.2) and
∂tζfj(t)−Bζfj(t) = ∂tjfζ(t)−Bjfζ(t) for all t ∈ T , j, ζ = 1, . . . ,m. (2.40)
Theorem 2.7. Let ν be a real ommon eigenvetor of the matries Aj orresponding
to the eigenvalues λj , j = 1, . . . ,m, respetively. Then the ompletely solvable system of
equations in total dierentials (2.39) has the rst integral
F : (t, x)→ νx·ϕ(t)−
∫ m∑
j=1
νfj(t)·ϕ(t) dtj for all (t, x) ∈ T˜ × R
n, (2.41)
where T˜ is a simply onneted domain from T , the funtion
ϕ : t→ exp
(
−
m∑
j=1
λj tj
)
for all t ∈ T .
Proof. Let us introdue the 1-form
ω : t→
m∑
j=1
νfj(t)·ϕ(t) dtj for all t ∈ T , T ⊂ R
m.
The external dierential has the form
dω(t) = ϕ(t)
m∑
j=1
m∑
ζ=1
(
∂tζνfj(t)− λ
ζ · νfj(t)
)
dtζ ∧ dtj for all t ∈ T .
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Using (2.40) and
dtj ∧ dtj = 0, dtζ ∧ dtj = − dtj ∧ dtζ , ζ, j = 1, . . . ,m,
we get the dierential 1-form ω is losed on T . By the Poinare theorem (see [5, p. 14℄), it
follows that ω is exat in a simply onneted domain T˜ ⊂ T .
Taking into aount Lemma 2.1 and (2.15), we obtain
PjF (t, x) = − λ
jνx · ϕ(t)− νfj(t)ϕ(t) + pjνx · ϕ(t) + νfj(t)ϕ(t) = 0
for all (t, x) ∈ T˜ × Rn, j = 1, . . . ,m,
where the linear dierential operators
Pj(t, x) = ∂tj + pj(x) + fj(t) ∂x for all (t, x) ∈ T × R
n, j = 1, . . . ,m.
Therefore the funtion (2.41) is a rst integral of the ompletely solvable system (2.39).
Corollary 2.4. Let ν =
∗
ν + ν˜ i (
∗
ν = Re ν, ν˜ = Im ν) be a ommon omplex eigenvetor
of the matries Aj orresponding to the eigenvalues λ
j =
∗
λj + λ˜j i (
∗
λj = Reλj , λ˜j = Imλj),
j=1, . . . ,m, respetively. Then the ompletely solvable system (2.39) has the rst integrals
Fτ : (t, x)→ ατ (t, x) −
∫ m∑
j=1
ατ (t, fj(t)) dtj for all (t, x) ∈ T˜ ×R
n, τ = 1, 2,
where the salar funtions of the vetor arguments
α1(t, x) =
(
∗
νx · cos
m∑
j=1
λ˜j tj + ν˜x · sin
m∑
j=1
λ˜j tj
)
· exp
(
−
m∑
j=1
∗
λ
j tj
)
for all (t, x) ∈ T × Rn,
α2(t, x) =
(
ν˜x · cos
m∑
j=1
λ˜j tj −
∗
νx · sin
m∑
j=1
λ˜j tj
)
· exp
(
−
m∑
j=1
∗
λ
j tj
)
for all (t, x) ∈ T ×Rn.
For example, the ompletely solvable system of total dierential equations
dx1 = x1 dt1 + (x2 + 1) dt2, dx2 = (x2 + 1) dt1 + (− x1 + e
t1+at2) dt2,
dx3 = (x3 + t2 − t1) dt1 + (− x3 + t1 − t2) dt2
orresponding to the linear homogeneous system (2.8). This system has the rst integrals
F1 : (t, x)→ (x1 cos t2 − x2 sin t2 − sin t2)e
−t1 +
a sin t2 − cos t2
a2 + 1
eat2 (by Corollary 2.4),
F2 : (t, x)→ (x1 sin t2 + x2 cos t2 + cos t2)e
−t1 −
a cos t2 + sin t2
a2 + 1
eat2 (by Corollary 2.4),
F3 : (t, x)→ (x3 + t2 − t1 − 1)e
t2−t1
for all (t, x) ∈ R5 (by Theorem 2.7),
where a is some real number.
Theorem 2.8. Let the assumptions of Lemma 2.2 hold. Then the ompletely solvable
system of equations in total dierentials (2.39) has the rst integrals
Fθ : (t, x)→ ν
θlx · ϕ(t)−
θ∑
τ=1
Kθτ−1(t) · Fτ−1(t, x)− Cθ(t)
(2.42)
for all (t, x) ∈ T˜ × X, θ = 0, . . . , sl − 1, X ⊂ {x : ν
0x 6= 0},
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where the funtions
ϕ : t→ exp
(
−
m∑
j=1
µjζ0l tj
)
for all t ∈ T˜ , T˜ ⊂ T ,
Kθτ−1 : t→
∫ m∑
j=1
((
θ
τ−1
)
µ jζθ−τ+1,l+
θ−τ∑
δ=1
(
θ
δ
)
µjζδl ·K
θ−δ
τ−1(t)
)
dtj , τ = 1, . . . , θ, θ = 1, . . . , sl−1,
Cθ : t→
∫ m∑
j=1
(
ν θlfj(t) ·ϕ(t) +
θ∑
τ=1
(
θ
τ
)
µjζτl ·Cθ−τ (t)
)
dtj for all t ∈ T˜ , θ = 0, . . . , sl − 1,
the numbers µjζ0l = λ
j
l , µ
jζ
θl = pj v
ζ
θl(x), θ = 1, . . . , sl − 1, j = 1, . . . ,m.
Proof. The proof is by indution on θ.
The ase θ = 0 was onsidered in Theorem 2.7.
Suppose θ = 1. Using Lemma 2.3 with ondition (2.16), we obtain
PjF1(t, x) = Pj
(
ν1lx ·ϕ(t)−
∫ m∑
ξ=1
µξζ1l dtξ ·F0(t, x)−
∫ m∑
ξ=1
(
ν1lfξ(t) ·ϕ(t)+µ
ξζ
1l C0(t)
)
dtξ
)
=
= µjζ1l
(
ν0lx · ϕ(t)− C0(t)− F0(t, x)
)
= 0 for all (t, x) ∈ T˜ × X, j = 1, . . . ,m.
Therefore F1 : T˜ × X→ R is a rst integral of the ompletely solvable system (2.39).
Suppose that the assertion of the theorem is valid for θ = ε− 1, i.e., the salar funtions
Fθ : T˜ × X→ R, θ = 1, . . . , ε− 1 are rst integrals of the system (2.39). Then
PjFε(t, x) = Pj
(
ν εlx · ϕ(t) −
ε∑
τ=1
Kετ−1(t) · Fτ−1(t, x)− Cε(t)
)
=
= − µjζ0l ν
εlx · ϕ(t) +
ε∑
τ=0
(
ε
τ
)
µjζτl ν
ε−τ,lx · ϕ(t) + ν εlfj(t) · ϕ(t) −
−
ε∑
τ=1
((
ε
τ−1
)
µ jζε−τ+1,l+
ε−τ∑
δ=1
(
ε
δ
)
µjζδl K
ε−δ
τ−1(t)
)
Fτ−1(t, x)−
(
ν εlfj(t) ·ϕ(t)+
ε∑
τ=1
(
ε
τ
)
µjζτl Cε−τ (t)
)
=
=
ε∑
τ=1
(
ε
τ
)
µjζτl
((
ν ε−τ,lx · ϕ(t)−
ε−τ∑
δ=1
Kε−τδ−1 (t) · Fδ−1(t, x) −Cε−τ (t)
)
− Fε−τ (t, x)
)
= 0
for all (t, x) ∈ T˜ × X, j = 1, . . . ,m.
Therefore Fε : T˜ × X→ R is a rst integral of the linear system (2.39).
Thus the funtions (2.42) are rst integrals of the ompletely solvable system (2.39).
Remark 2.3. In omplex ase from Theorem 2.8, we get the following real-valued rst
integrals of the ompletely solvable system of equations in total dierentials (2.39):
F 1θ : (t, x)→ ReFθ(t, x), F
2
θ : (t, x)→ ImFθ(t, x) for all (t, x) ∈ T˜ ×X, θ = 0, . . . , sl − 1.
Moreover, we have
F 1θ : (t, x)→ αθ (t, x)−
θ∑
τ=1
(
ReKθτ−1(t) · F
1
τ−1(t, x)− ImK
θ
τ−1(t) · F
2
τ−1(t, x)
)
− ReCθ(t),
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F 2θ : (t, x)→ βθ(t, x)−
θ∑
τ=1
(
ReKθτ−1(t) · F
2
τ−1(t, x) + ImK
θ
τ−1(t) · F
1
τ−1(t, x)
)
− ImCθ(t)
for all (t, x) ∈ T˜ × X, θ = 0, . . . , sl − 1,
where the funtions
ReKθτ−1 : t→
∫ m∑
j=1
((
θ
τ−1
) ∗
µ jζ
θ−τ+1,l +
θ−τ∑
δ=1
(
θ
δ
) ( ∗
µ jζ
δl ReK
θ−δ
τ−1(t)− µ˜
jζ
δl ImK
θ−δ
τ−1(t)
))
dtj ,
ImKθτ−1 : t→
∫ m∑
j=1
((
θ
τ−1
)
µ˜ jζθ−τ+1,l +
θ−τ∑
δ=1
(
θ
δ
) (∗
µ jζ
δl ImK
θ−δ
τ−1(t) + µ˜
jζ
δl ReK
θ−δ
τ−1(t)
))
dtj
for all t ∈ T˜ , τ = 1, . . . , θ, θ = 1, . . . , sl − 1,
ReCθ : t→
∫ m∑
j=1
(
α
θ
(t, fj(t)) +
θ∑
τ=1
(
θ
τ
) ( ∗
µ jζ
τl ReCθ−τ (t)− µ˜
jζ
τl ImCθ−τ (t)
))
dtj ,
ImCθ : t→
∫ m∑
j=1
(
β
θ
(t, fj(t)) +
θ∑
τ=1
(
θ
τ
) ( ∗
µ jζ
τl ImCθ−τ (t) + µ˜
jζ
τl ReCθ−τ (t)
))
dtj
for all t ∈ T˜ , θ = 0, . . . , sl − 1, T˜ ⊂ T ,
the real numbers
∗
µ jζ
0l = Reλ
j
l , µ˜
jζ
0l = Imλ
j
l ,
∗
µ jζ
θl = Reµ
jζ
θl , µ˜
jζ
θl = Imµ
jζ
θl , j = 1, . . . ,m,
the vetors
∗
ν θl = Re ν θl, ν˜ θl = Im ν θl, θ = 0, . . . , sl − 1, and
α
θ
(t, x) =
(
∗
ν θlx · cos
m∑
j=1
µ˜ jζ0l tj + ν˜
θlx · sin
m∑
j=1
µ˜ jζ0l tj
)
· exp
(
−
m∑
j=1
∗
µ jζ
0l tj
)
,
β
θ
(t, x) =
(
ν˜ θlx · cos
m∑
j=1
µ˜ jζ0l (t)tj −
∗
ν θlx · sin
m∑
j=1
µ˜ jζ0l tj
)
· exp
(
−
m∑
j=1
∗
µ jζ
0l tj
)
for all (t, x) ∈ T˜ × Rn, θ = 0, . . . , sl − 1.
Remark 2.4. Suppose the system (2.39) satises (2.2) and (2.40). Then 1-forms
∗
ωθτ−1 : t→
m∑
j=1
((
θ
τ−1
)
µ jζθ−τ+1,l +
θ−τ∑
δ=1
(
θ
δ
)
µjζδl ·K
θ−δ
τ−1(t)
)
dtj , τ = 1, . . . , θ, θ = 1, . . . , sl − 1,
ω˜θ : t→
m∑
j=1
(
ν θlfj(t) · ϕ(t) +
θ∑
τ=1
(
θ
τ
)
µjζτl · Cθ−τ (t)
)
dtj for all t ∈ T˜ , θ = 0, . . . , sl − 1
are exat in a simply onneted domain T˜ ⊂ T .
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3. First integrals of linear systems of ordinary dierential equations
3.1. Linear homogeneous systems of ordinary dierential equations
Let us onsider a linear autonomous homogeneous system of ordinary dierential equations
dx
dt
= Ax, (3.1)
where x = olon(x1, . . . , xn) ∈ R
n, the A =
∥∥aij∥∥ is a real n× n matrix.
Let B be the transpose of the matrix A.
Using methods of Setion 2 , we obtain the following statements.
Theorem 3.1. Let ν ∈ Cn be an eigenvetor of the matrix B. Then the linear funtion
p : x→ νx for all x ∈ Rn is a partial integral of the system (3.1).
3.1.1. Autonomous rst integrals
4
Theorem 3.2. Let ν1, ν2 be real eigenvetors of the matrix B orresponding to the
eigenvalues λ1, λ2 (λ1 6= λ2), respetively. Then the system (3.1) has the rst integral
F : x→
∣∣ν1x∣∣h1 ∣∣ν2x∣∣h2 for all x ∈ X, X ⊂ D(F ),
where h1, h2 is a real solution to the equation λ1h1 + λ2h2 = 0 with |h1|+ |h2| 6= 0.
Corollary 3.1. If ν is a real eigenvetor of the matrix B orresponding to the eigenvalue
λ = 0, then the linear funtion F : x → νx for all x ∈ Rn is an autonomous rst integral
of the system of ordinary dierential equations (3.1).
Corollary 3.2. Let λ 6= 0 be an eigenvalue of the matrix B orresponding to two real
linearly independent eigenvetors ν1, ν2. Then the system (3.1) has the autonomous rst
integral F : x→
ν1x
ν2x
for all x ∈ X, where a domain X ⊂
{
x : ν2x 6= 0
}
.
For example, the autonomous system of ordinary dierential equations
dx1
dt
= x1 − 2x2 − x4,
dx2
dt
= − x1 + 4x2 − x3 + 2x4,
dx3
dt
= 2x2 + x3 + x4,
dx4
dt
= 2x1 − 4x2 + 2x3 − 2x4
(3.2)
has the eigenvetors ν1=(1,−1, 1,−1), ν2=(2, 2, 1, 1), ν3=(1, 0, 1, 0), ν4 = (0, 2, 0, 1) orre-
sponding to the eigenvalues λ1 = 0, λ2 = λ3 = 1, λ4 = 2, respetively. The funtions
F1 : x→ x1 − x2 + x3 − x4 for all x ∈ R
4
(by Corollary 3.1), (3.3)
F23 : x→
2x1 + 2x2 + x3 + x4
x1 + x3
for all x ∈ X1 (by Corollary 3.2), (3.4)
F24 : x→
(2x1 + 2x2 + x3 + x4)
2
2x2 + x4
for all x ∈ X2 (by Theorem 3.2), (3.5)
where X1 ⊂ {x : x1 +x3 6= 0}, X2 ⊂ {x : 2x2 +x4 6= 0}, are autonomous rst integrals of the
system (3.2). The set of funtionally independent rst integrals F1, F23, F24 is a general
autonomous integral of the system of ordinary dierential equations (3.2).
4
This Subsubsetion has been published in Vestnik of the Yanka Kupala Grodno State Univ., 2002, Ser. 2,
No.2(11), 23 - 29; 2003, Ser. 2, No. 2(22), 50 - 60. Using method of Jordan anonial form, the same result
was obtain by M. Faloni and J. Llibre in Qualitative theory of dynamial systems, 2004, No. 4, 233 - 254.
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Theorem 3.3. Let ν =
∗
ν + ν˜ i (
∗
ν = Re ν, ν˜ = Im ν) be an eigenvetor of the matrix B
orresponding to the omplex eigenvalue λ =
∗
λ + λ˜ i (
∗
λ = Reλ, λ˜ = Imλ 6= 0). Then the
system of ordinary dierential equations (3.1) has the autonomous rst integral
F : x→
(
(
∗
νx)2 + (ν˜x)2
)
· exp
(
− 2
∗
λ
λ˜
arctg
ν˜x
∗
νx
)
for all x ∈ X,
where a domain X ⊂
{
x :
∗
νx 6= 0
}
.
Theorem 3.4. Let ν1=
∗
ν 1+ν˜ 1 i (
∗
ν 1= Re ν1, ν˜ 1= Im ν1) be an eigenvetor of the matrix
B orresponding to the omplex eigenvalue λ1 =
∗
λ1 + λ˜1 i (
∗
λ1 = Reλ1, λ˜1 = Imλ1 6= 0),
ν2 be an real eigenvetor of the matrix B orresponding to the eigenvalue λ2 6= 0. Then the
system of ordinary dierential equations (3.1) has the autonomous rst integral
F : x→ ν2x · exp
(
−
λ2
λ˜1
arctg
ν˜ 1x
∗
ν 1x
)
for all x ∈ X,
where a domain X ⊂
{
x :
∗
ν1x 6= 0
}
.
The autonomous linear system of ordinary dierential equations
dx1
dt
= 2x1 + x2,
dx2
dt
= x1 + 3x2 − x3,
dx3
dt
= − x1 + 2x2 + 3x3 (3.6)
has the eigenvalues λ1 = 3 + i, λ2 = 2 orresponding to two eigenvetors ν
1 = (1, i, − 1),
ν2 = (3, − 1, − 1), respetively, and the rst autonomous integrals
F1 : x→
(
(x1 − x3)
2 + x22
)
exp
(
− 6 arctg
x2
x1 − x3
)
for all x ∈ X (by Theorem 3.3), (3.7)
F2 : x→ (3x1 − x2 − x3) exp
(
− 2 arctg
x2
x1 − x3
)
for all x ∈ X (by Theorem 3.4), (3.8)
where a domain X ⊂ {x : x1 − x3 6= 0}.
Theorem 3.5. Let ν1 =
∗
ν 1+ ν˜ 1 i and ν2 =
∗
ν 2+ ν˜ 2 i be two eigenvetors of the matrix
B orresponding to the omplex eigenvalues λ1 =
∗
λ1 + λ˜1 i and λ2 =
∗
λ2 + λ˜2 i (λ1 6= λ2),
respetively. Then the system (3.1) has the autonomous rst integral
F : x→
∼
λ1 arctg
∼
ν 2x
∗
ν 2x
−
∼
λ2 arctg
∼
ν 1x
∗
ν 1x
for all x ∈ X,
where the vetors
∗
ν τ = Re ντ , ν˜ τ = Im ντ , the numbers
∗
λτ =Reλτ , λ˜τ =Imλτ 6=0, τ =1, 2,
a domain X ⊂
{
x :
∗
ν 2x 6= 0 ∧
∗
ν 1x 6= 0
}
.
As an example, the linear autonomous system of ordinary dierential equations
dx1
dt
= − 3x1 + x2 + 4x3 + 2x4,
dx2
dt
= 8x1 − 3x2 − 2x3 + 6x4,
dx3
dt
= − 9x1 + 3x2 + 4x3 − 4x4,
dx4
dt
= 6x1 − 3x2 − 4x3 + 2x4
(3.9)
has the eigenvalues λ1= i, λ2= 2i orresponding to the eigenvetors ν
1=(1−i,−1+2i, 2i, 2),
ν2 = (i, − 1, i, 1 + 2i), respetively. The funtionally independent rst integrals
F1 : x→ (x1 − x2 + 2x4)
2 + (− x1 + 2x2 + 2x3)
2
for all x ∈ R4 (by Theorem 3.3), (3.10)
F2 : x→ (− x2 + x4)
2 + (x1 + x3 + 2x4)
2
for all x ∈ R4 (by Theorem 3.3), (3.11)
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and (by Theorem 3.5)
F3 : x→ arctg
x1 + x3 + 2x4
− x2 + x4
− 2 arctg
− x1 + 2x2 + 2x3
x1 − x2 + 2x4
for all x ∈ X (3.12)
are a general autonomous integral on a domain X ⊂ {x : x1− x2 +2x4 6= 0∧ x2 − x4 6= 0} of
the linear system of ordinary dierential equations (3.9).
Denition 3.1. Let ν0 be an eigenvetor of the matrix B orresponding to the eigen-
value λ with elementary divisor of multipliity m. A non-zero vetor νk ∈ Cn is alled a
generalized eigenvetor of order k for λ if and only if
(B − λE) νk = k · νk−1, k = 1, . . . ,m− 1,
where E is the n× n identity matrix.
Theorem 3.6. Let λ be an eigenvalue of the matrix B with the elementary divisor of
multipliity m (m > 2) orresponding to the real eigenvetor ν0 and to the real order 1
generalized eigenvetor ν1. Then the system (3.1) has the autonomous rst integral
F : x→ ν0x exp
(
− λ
ν1x
ν0x
)
for all x ∈ X,
where a domain X ⊂ {x : ν0x 6= 0}.
Corollary 3.3. Let λ =
∗
λ + λ˜ i (
∗
λ = Reλ, λ˜ = Imλ 6= 0) be a omplex eigenvalue of
the matrix B with the elementary divisor of multipliity m (m > 2) orresponding to the
eigenvetor ν0 =
∗
ν 0 + ν˜ 0 i and to the order 1 generalized eigenvetor ν1 =
∗
ν 1 + ν˜ 1 i. Then
the system (3.1) has the autonomous rst integrals
F1 : x→
(( ∗
ν 0x
)2
+
(∼
ν 0x
)2 )
exp
(
− 2
∗
λα(x)−
∼
λ β(x)(∗
ν 0x
)2
+
(∼
ν 0x
)2
)
for all x ∈ X
and
F2 : x→ arctg
∼
ν 0x
∗
ν0x
−
∼
λα(x) +
∗
λβ(x)(∗
ν 0x
)2
+
( ∼
ν 0x
)2 for all x ∈ X,
where a domain X ⊂
{
x :
∗
ν 0x 6= 0
}
, the vetors
∗
ν τ = Re ντ , ν˜ τ = Im ντ , τ = 0, 1, the
polynomials α : x→
∗
ν 0x
∗
ν 1x+
∼
ν 0x
∼
ν 1x, β : x→
∗
ν 0x
∼
ν 1x−
∼
ν 0x
∗
ν 1x for all x ∈ Rn.
Corollary 3.4. Let λ1 = 0 be an eigenvalue with the elementary divisor of multipliity
m (m > 2) of the matrix B orresponding to the real eigenvetor ν0 and the real order 1
generalized eigenvetor ν1. Let λ2 be an eigenvalue of the matrix B orresponding to the
real eigenvetor ν2. Then the system (3.1) has the autonomous rst integrals
F : x→ ν2x exp
(
−λ2
ν1x
ν0x
)
for all x ∈ X,
where a domain X ⊂ {x : ν0x 6= 0}.
The linear autonomous system of ordinary dierential equations
dx1
dt
= 4x1 − 5x2 + 2x3,
dx2
dt
= 5x1 − 7x2 + 3x3,
dx3
dt
= 6x1 − 9x2 + 4x3 (3.13)
has the eigenvalue λ1 = 0 with the elementary divisor λ
2
of multipliity 2 orresponding
to the eigenvetor ν0 = (1, − 2, 1) and the order 1 generalized eigenvetor ν1 = (0, − 1, 1),
and the simple eigenvalue λ3 = 1 with the elementary divisor λ − 1 orresponding to the
eigenvetor ν3 = (3, − 3, 1). The funtionally independent funtions
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F1 : x→ x1 − 2x2 + x3 for all x ∈ R
3
(by Theorem 3.6) (3.14)
and (by Corollary 3.4)
F2 : x→ (3x1 − 3x2 + x3) exp
x2 − x3
x1 − 2x2 + x3
for all x ∈ X, (3.15)
where X ⊂ {x : x1 − 2x2 + x3 6= 0}, are autonomous rst integrals of the system (3.13).
Corollary 3.5. Let λ1 = 0 be an eigenvalue with elementary divisor of multipliity m
(m > 2) of the matrix B orresponding to the real eigenvetor ν0 and to the real order 1
generalized eigenvetor ν1. Let λ2 =
∗
λ2 + λ˜2 i (
∗
λ2 = Reλ2, λ˜2 = Imλ2 6= 0) be a omplex
eigenvalue of the matrix B orresponding to the eigenvetor ν2 =
∗
ν 2+ ν˜ 2 i. Then the system
of dierential equations (3.1) has two autonomous rst integrals
F1 : x→
(( ∗
ν 2x
)2
+
( ∼
ν 2x
)2 )
exp
(
− 2
∗
λ2
ν1x
ν0x
)
for all x ∈ X
and
F2 : x→ arctg
∼
ν 2x
∗
ν 2x
−
∼
λ2
ν1x
ν0x
for all x ∈ X,
where a domain X ⊂ {x : ν0x 6= 0,
∗
ν 2x 6= 0}.
Theorem 3.7. Let λ be an eigenvalue with elementary divisor of multipliity m > 2 of
the matrix B orresponding to the real eigenvetor ν0 and to the real generalized eigenvetors
νk, k = 1,m− 1. Then the system (3.1) has the rst integrals
Fg : x→ Ψg(x) for all x ∈ X, g = 2, . . . ,m− 1, (3.16)
where the funtions Ψg : X→ R is the solution to system
νkx =
k∑
i=1
(
k−1
i−1
)
Ψi(x)ν
k−ix, k = 1, . . . ,m− 1, X ⊂ {x : ν0x 6= 0}.
Remark 3.1. Let λ =
∗
λ + λ˜ i (
∗
λ = Reλ, λ˜ = Imλ 6= 0) be a omplex eigenvalue
with elementary divisor of multipliity m (m > 2) of the matrix B orresponding to the
omplex eigenvetor ν0 =
∗
ν 0 + ν˜ 0 i. Taking into aount (3.16), we obtain the real-valued
rst integrals of the system of ordinary dierential equations (3.1):
Fg,1 : x→ ReΨg(x), Fg,2 : x→ ImΨg(x) for all x ∈ X, g = 2, . . . ,m− 1,
where a domain X ⊂
{
x : (
∗
ν 0x)2 + ( ν˜ 0x)2 6= 0
}
.
For example, the system of ordinary dierential equations
dx1
dt
= 4x1 − x2,
dx2
dt
= 3x1 + x2 − x3,
dx3
dt
= x1 + x3 (3.17)
has the eigenvalue λ1=2 with the elementary divisor (λ−2)
3
of multipliity 3 orresponding
to the eigenvetor ν0=(1,−1, 1) and the generalized eigenvetors ν1=(1, 0,−1), ν2=(0, 0, 2).
First integrals of the system of dierential equations (3.17) are the funtions
F1 : (x1, x2, x3)→ (x1 − x2 + x3) exp
(
− 2
x1 − x3
x1 − x2 + x3
)
(by Theorem 3.6) (3.18)
and (by Theorem 3.7)
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F2 : (x1, x2, x3)→
(x1 − x3)
2 − 2x3(x1 − x2 + x3)
(x1 − x2 + x3)2
for all (x1, x2, x3) ∈ X, (3.19)
where a domain X ⊂ {(x1, x2, x3) : x1 − x2 + x3 6= 0}.
The autonomous system of ordinary dierential equations
dx1
dt
= x1 − 2x2 + x3 − 2x6,
dx2
dt
= 3x2 − x3 − x5 + 2x6,
dx3
dt
= − x1 + x3 + 2x4 + 2x5,
dx4
dt
= − x1 + x4 + x5 + x6,
dx5
dt
= x1 + x2 + x5,
dx6
dt
= x1 − x2 + x3 − x4 − x6
(3.20)
has the omplex eigenvalue λ1 = 1+i with the elementary divisor (λ−1−i)
3
orresponding to
the eigenvetor ν0 = (1, 1, 0, 0, i, 0) and to the generalized eigenvetors ν1 = (0, 1, 0, i, i, 1),
ν2 = (0, 1, i, 0, i, 0). A general autonomous integral of the system (3.20) is the funtions
F1 : x→ P (x) exp(− 2ϕ(x)) for all x ∈ X (by Theorem 3.3), (3.21)
F2 : x→ P (x) exp
(
− 2
α(x) − β(x)
P (x)
)
for all x ∈ X (by Corollary 3.3), (3.22)
F3 : x→ ϕ(x)−
α(x) + β(x)
P (x)
for all x ∈ X (by Corollary 3.3), (3.23)
F4 : x→
γ(x)P (x) + β2(x)− α2(x)
P 2(x)
for all x ∈ X (by Theorem 3.7), (3.24)
and
F5 : x→
δ(x)P (x) − 2α(x)β(x)
P 2(x)
for all x ∈ X (by Theorem 3.7), (3.25)
where
P : x→ (x1 + x2)
2 + x25, α : x→ (x1 + x2)(x2 + x6) + x5(x4 + x5),
β : x→ (x1 + x2)(x4 + x5)− x5(x2 + x6), γ : x→ x2(x1 + x2) + x5(x3 + x5),
δ : x→ (x1 + x2)(x3 + x5)− x2x5 for all x ∈ R
6,
ϕ : x→ arctg
x5
x1 + x2
for all x ∈ X, X ⊂ {x : x1 + x2 6= 0}.
3.1.2. Nonautonomous rst integrals
Theorem 3.8. Let ν be a real eigenvetor of the matrix B orresponding to the eigen-
value λ. Then the system (3.1) has the rst integral
F : (t, x)→ νx exp(− λ t) for all (t, x) ∈ Rn+1.
For example, the four dimensional system (3.2) has the eigenvalue λ2 = 1 orresponding
to the eigenvetor ν2 = (2, 2, 1, 1) and the rst integral
F : (t, x)→ (2x1 + 2x2 + x3 + x4) e
−t
for all (t, x) ∈ R5 (by Theorem 3.8).
The rst integrals (3.3), (3,4), (3.5), and F are a general integral on a domain R×X of
the system (3.2), where X ⊂ {x : x1 + x3 6= 0 ∧ 2x2 + x4 6= 0} ⊂ R
4.
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Using the eigenvetor ν2 = (3, − 1, − 1) orresponding to the eigenvalue λ2 = 2, we an
build the rst integral of the linear system (3.6):
F : (t, x1, x2, x3)→ (3x1 − x2 − x3) e
−2t
for all (t, x1, x2, x3) ∈ R
4
(by Theorem 3.8).
The funtionally independent rst integrals (3.7), (3,8), and F are a general integral on
a domain R× X of the system (3.6), where a domain X ⊂ {(x1, x2, x3) : x1 − x3 6= 0}.
Corollary 3.6. Let ν =
∗
ν + ν˜ i (
∗
ν = Re ν, ν˜ = Im ν) be an eigenvetor of the matrix
B orresponding to the omplex eigenvalue λ =
∗
λ+ λ˜ i (
∗
λ = Reλ, λ˜ = Imλ 6= 0). Then the
system of ordinary dierential equations (3.1) has the rst integrals
F1 : (t, x)→
(( ∗
νx
)2
+
( ∼
νx
)2 )
exp
(
− 2
∗
λ t
)
for all (t, x) ∈ Rn+1
and
F2 : (t, x)→ arctg
ν˜x
∗
νx
− λ˜ t for all (t, x) ∈ R× X,
where a domain X ⊂
{
x :
∗
νx 6= 0
}
.
As an example, the system of linear dierential equations (3.9) has the eigenvalue λ1 = i
orresponding to the eigenvetor ν1 = (1− i, − 1 + 2i, 2i, 2) and the rst integral
F : (t, x)→ arctg
− x1 + 2x2 + 2x3
x1 − x2 + 2x4
− t for all (t, x) ∈ R× X1 (by Corollary 3.6),
where a domain X1 ⊂ {x : x1 − x2 + 2x4 6= 0}.
The rst integrals (3.10), (3.11), (3.12) and F are a general integral on a domain R×X
of the system (3.9), where a domain X ⊂ {x : x1 − x2 + 2x4 6= 0 ∧ x4 − x2 6= 0} ⊂ R
4.
Theorem 3.9. Let λ be an eigenvalue of the matrix B with the elementary divisor
of multipliity m (m > 2) orresponding to the real eigenvetor ν0 and the real order 1
generalized eigenvetor ν1. Then the system (3.1) has the rst integral
F : (t, x)→
ν1x
ν0x
− t for all (t, x) ∈ R× X, (3.26)
where a domain X ⊂ {x : ν0x 6= 0}.
The system of ordinary dierential equations(3.13)has the eigenvalue λ1=0 orresponding
to the eigenvetor ν0 = (1,−2, 1) and to the order 1 generalized eigenvetor ν1 = (0,−1, 1).
From Theorem 3.9 it follows that the funtion
F : (t, x1, x2, x3)→
x3 − x2
x1 − 2x2 + x3
− t for all (t, x1, x2, x3) ∈ R× X
is a rst integral of the system (3.13), where a domain X ⊂ {(x1, x2, x3) : x1−2x2+x3 6= 0}.
A general integral on a domain R × X of the system of ordinary dierential equations
(3.13) is the funtionally independent rst integrals (3.14), (3.15), and F.
Consider the system (3.17). Using the eigenvalue λ1 = 2 orresponding to the eigenvetor
ν0 = (1, − 1, 1) and to the order 1 generalized eigenvetor ν1 = (1, 0, − 1), we an build the
rst integral of the system of ordinary dierential equations (3.17):
F : (t, x1, x2, x3)→
x1 − x3
x1 − x2 + x3
− t for all (t, x1, x2, x3) ∈ R× X (by Theorem 3.9).
The rst integrals (3.18), (3.19), and F are a general integral on a domain R×X of the
system (3.17), where a domain X ⊂ {(x1, x2, x3) : x1 − x2 + x3 6= 0} ⊂ R
3.
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Remark 3.2. Suppose λ=
∗
λ+ λ˜ i (
∗
λ=Reλ, λ˜=Imλ 6=0) is a omplex eigenvalue of the
matrix B orresponding to the eigenvetor ν0 =
∗
ν 0+ ν˜ 0 i and to the generalised eigenvetor
ν1 =
∗
ν 1 + ν˜ 1 i. Using (3.26), we get the real-valued rst integrals of the system (3.1):
F1 : (t, x)→
∗
ν 0x
∗
ν1x+ ν˜ 0x ν˜ 1x( ∗
ν 0x
)2
+
(
ν˜ 0x
)2 − t, F2 : (t, x)→ ∗ν 0x ν˜ 1x− ν˜ 0x ∗ν1x( ∗
ν 0x
)2
+
(
ν˜ 0x
)2 for all (t, x)∈R×X,
where a domain X ⊂
{
x : (
∗
ν 0x)2 + ( ν˜ 0x)2 6= 0
}
.
Consider the system (3.20). Using the eigenvalue λ1 = 1 + i orresponding to the eigen-
vetor ν0 = (1, 1, 0, 0, i, 0) and to the order 1 generalized eigenvetor ν1 = (0, 1, 0, i, i, 1), we
an build the rst integral of the system of ordinary dierential equations (3.20):
F : (t, x)→
(x1 + x2)(x2 + x6) + x5(x4 + x5)
(x1 + x2)2 + x
2
5
− t for all (t, x) ∈ R× X,
where a domain X ⊂ {x : x1 + x2 6= 0} ⊂ R
6.
The funtionally independent rst integrals (3.21), (3.22), (3.23), (3.24), (3.25), and F
are a general integral of the system of ordinary dierential equations (3.20).
3.2. Linear nonhomogeneous systems of ordinary dierential equations
We onsider a system of n rst order onstant-oeient linear nonhomogeneous ordinary
dierential equations
dx
dt
= Ax+ f(t), (3.27)
where x = olon(x1, . . . , xn) ∈ R
n, A =
∥∥aij∥∥ is a real n×n matrix, and the vetor funtion
f : t→ colon(f1(t), . . . , fn(t)) for all t ∈ J is ontinuous on an interval J ⊂ R.
Let B be the transpose of the matrix A.
Theorem 3.10. Suppose ν is a real eigenvetor of the matrix B orresponding to the
eigenvalue λ. Then a rst integral of the system (3.27) is the funtion
F : (t, x)→ νx · exp(− λt)−
∫
νf(t) · exp(− λt) dt for all (t, x) ∈ J˜ × Rn, J˜ ⊂ J.
Corollary 3.7. Let ν =
∗
ν + ν˜ i (
∗
ν = Re ν, ν˜ = Im ν) be an eigenvetor of the matrix B
orresponding to the omplex eigenvalue λ =
∗
λ + λ˜ i (
∗
λ = Reλ, λ˜ = Imλ 6= 0). Then rst
integrals of the system of ordinary dierential equations (3.27) are the funtions
Fτ : (t, x)→ ατ (t, x)−
∫
ατ (t, f(t)) dt for all (t, x) ∈ J˜ × R
n, τ = 1, 2, J˜ ⊂ J,
where the funtions α1(t, x) =
( ∗
νx · cos λ˜ t+ ν˜x · sin λ˜ t
)
· exp
(
−
∗
λ t
)
for all (t, x) ∈ J ×Rn,
α2(t, x) =
(
ν˜x · cos λ˜ t−
∗
νx · sin λ˜ t
)
· exp
(
−
∗
λ t
)
for all (t, x) ∈ J × Rn.
Remark 3.3. Under the onditions of Corollary 3.7, we have the funtion
F : (t, x)→
(
(
∗
νx)2 + (ν˜x)2
)
exp
(
−2
∗
λ t
)
− 2
(
α1(t, x)
∫
α1(t, f(t))dt+α2(t, x)
∫
α2(t, f(t))dt
)
+
+
(∫
α1(t, f(t)) dt
)2
+
(∫
α2(t, f(t)) dt
)2
for all (t, x) ∈ J˜ × Rn
is also a rst integral of the system (3.27).
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For example, the linear nonhomogeneous system of ordinary dierential equations
dx1
dt
= 2x1 + x2 + 2e
2t,
dx2
dt
= x1 + 3x2 − x3 + 10,
dx3
dt
= − x1 + 2x2 + 3x3 + e
3t
has the eigenvalue λ1 = 2 orresponding to the eigenvetor ν
1 = (3, −1, −1), the eigenvalue
λ2 = 3 + i orresponding to the eigenvetor ν
2 = (1, i, − 1), and the rst integrals
F1 : (t, x1, x2, x3)→ (3x1 − x2 − x3 − 5)e
−2t + et − 6t (by Theorem 3.10),
F2 : (t, x1, x2, x3)→
(
(x1 − x3 + 1) cos t+ (x2 + 3) sin t
)
e−3t + (cos t− sin t)e−t + sin t,
F3 : (t, x1, x2, x3)→
(
(x2 + 3) cos t+ (x3 − x1 − 1) sin t
)
e−3t − (cos t+ sin t)e−t + cos t
for all (t, x1, x2, x3) ∈ R
4
(by Corollary 3.7).
Theorem 3.11. Let λ be an eigenvalue with the elementary divisor of multipliity m
(m > 2) of the matrix B orresponding to the real eigenvetor ν0 and to the real generalized
eigenvetors νk, k = 1, . . . ,m− 1. Then the system (3.27) has the rst integrals
Fk+1 : (t, x)→ (ν
kx) · exp(− λt)−
k−1∑
i=0
(
k
i
)
tk−i · Fi+1(t, x) −
−
∫ ((
νkf(t)
)
· exp(− λt) + k ·
∫ ((
νk−1f(t)
)
· exp(− λt) +
+ (k − 1) ·
∫ ((
νk−2f(t)
)
· exp(− λt) + . . .+ 2
∫ ((
ν1f(t)
)
· exp(− λt)+
+
∫ (
ν0f(t)
)
· exp(− λt) dt
)
dt . . .
)
dt
)
dt
)
dt for all (t, x) ∈ J˜ × Rn, k = 1, . . . ,m− 1,
where the rst integral (by Theorem 3.10)
F1 : (t, x)→(ν
0x) · exp(− λt)−
∫(
ν0f(t)
)
· exp(− λt) dt for all (t, x) ∈ J˜ × Rn, J˜ ⊂ J.
As an example, the system of ordinary dierential equations
dx1
dt
= 4x1 − x2 + e
3t,
dx2
dt
= 3x1 + x2 − x3 + 8t,
dx3
dt
= x1 + x3 + 4
has the eigenvalue λ1=2 with the elementary divisor (λ−2)
3
of multipliity 3 orresponding to
the eigenvetor ν0=(1,−1, 1) and the generalized eigenvetors ν1=(1, 0,−1), ν2=(−2, 2, 0).
First integrals of this system of dierential equations are the funtions
F1 : (t, x)→ (x1 − x2 + x3 − 4t)e
−2t − et for all (t, x) ∈ R4 (by Theorem 3.10),
F2 : (t, x)→ (x1 − x3 + 2t− 1)e
−2t − t F1(t, x)− 2e
t
for all (t, x) ∈ R4 (by Theorem 3.11),
and (by Theorem 3.11)
F3 : (t, x)→ 2(x2 − x1 + 3t+ 2)e
−2t − t2 F1(t, x)− 2t F2(t, x)− 2e
t
for all (t, x) ∈ R4.
Theorem 3.12. Let λ =
∗
λ+ λ˜ i (λ˜ 6= 0) be an eigenvalue with the elementary divisor of
multipliity m (m > 2) of the matrix B orresponding to the eigenvetor ν0 =
∗
ν 0+ ν˜ 0 i and
to the generalized eigenvetors νk =
∗
ν k + ν˜ k i, k=1, . . . ,m−1. Then the system of ordinary
dierential equations (3.27) has the rst integrals
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F
τ,k+1
: (t, x)→ α
τk
(t, x)−
k−1∑
ξ=0
(
k
ξ
)
tk−ξ · F
τ,ξ+1
(t, x) −
−
∫ (
α
τk
(t, f(t)) + k ·
∫ (
α
τ,k−1
(t, f(t)) + (k − 1) ·
∫ (
α
τ,k−2
(t, f(t)) +
+ . . .+ 2
∫ (
α
τ1(t, f(t)) +
∫
α
τ0(t, f(t)) dt
)
dt . . .
)
dt
)
dt
)
dt
for all (t, x) ∈ J˜ × Rn, k = 1, . . . ,m− 1, τ = 1, 2, J˜ ⊂ J,
where the funtions
α
1k
(t, x) =
( ∗
ν kx · cos λ˜ t+ ν˜ kx · sin λ˜ t
)
· exp
(
−
∗
λ t
)
for all (t, x) ∈ Rn+1, k = 0, . . . ,m− 1,
α
2k
(t, x) =
(
ν˜xk · cos λ˜ t−
∗
ν kx · sin λ˜ t
)
· exp
(
−
∗
λ t
)
for all (t, x) ∈ Rn+1, k = 0, . . . ,m− 1,
and the rst integrals (by Corollary 3.7)
Fτ1 : (t, x)→ ατ0(t, x)−
∫
α
τ0(t, f(t)) dt for all (t, x) ∈ J˜ × R
n, τ = 1, 2.
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